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Introduction. In this paper, we give defining relations of the affine Lie 
j> ■ superalgebras and defining relations of a super- version of the Drinfeld[Dl]- 

JimbofJ] affine quantized enveloping algebras. As a result, we can exactly 
define the affine quantized universal enveloping superalgebras with generators 
and relations. Moreover we give a Drinfeld's realization of Uh{sl{m\n)^). 
For the Kac-Moody Lie algebra G, Gabber-Kac [GK] proved the Serre 
Os ■ theorem which states that G is defined with the Chevalley generators Hi, Ei, 

bX)' Fi (1 < i < rankG) and relations 



[Hi,Hj] = 0, [Hi,Ej] = (a^a^Ej, [H u Fj] = -faajF,, 



X 



ad(Ei) 1 -^ (Ej) = 0, ad(Fi) 1 -^ (Fj) = 

where {«j(l < % < rankG)} are simple roots of G, ( , ) is an invariant form 
of G and (a^) is the Cartan matrix of G. We call these relations Serre's 
relations. 

Kac [K2] classified the finite dimensional simple Lie superalgebras, which 
are sl(m\n), osp(m\n), D(2, l;x) (x ^ 0, 1), F 4 and C7 3 . Van de Leur [VdL] 
classified the Kac-Moody Lie superalgebras Q of finite growth, which are the 
finite dimensional simple Lie superalgebras and: 

sl(m\n)® (i = 1,2,4), osp{m\n)^ (i = 1,2), 
D(2,l;x)U (x ^ 0,1), Ff\G?. 

In this paper we call complex infinite dimensional Kac-Moody Lie superal- 
gebras of finite growth affine Lie superalgebras. 
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Our first result is to give a Serre theorem for the affine Lie superalgebra 
Q, i.e., to give defining relations between the Chevalley generators Hi, Ei, 
Fj. We give the defining relations associated to each Cartan matrix of Q. (In 
general, Q does not have a unique Cartan matrix.) To do this, we use Weyl- 
group-type isomorphisms {L{} between Q. Let Ti be a Cartan subalgebra of 
Q. We note that the Cartan matrix defined for H does not necessarily coincide 
with the one defined for Lj(7Y), though {Li} are introduced as counterparts 
of the inner automorphisms {exp(— adFj) exp(— ^ 2 a ^ ad-E^) exp(— adFj) (1 < 
i < rankG) } of the Kac-Moody Lie algebra G. We introduce another Lie 
superalgebra Q associated to each Q. We define the Lie superalgebras Q by a 
universal condition that {Li} can be lifted to isomorphisms {Li} between Q. 
We directly calculate defining relations of Q. In the case of the Kac-Moody 
Lie algebra G, defining relations of G are given by Serre's relations. However, 
for G, we need other relations such as 

[[Ei, Ej], [Ej, E k \\ = for (a { , a k ) = (atj, otj) = 0, (a i: <x,) = -(a,-, a k ) ^ 0. 

There is an epimorphism j : Q — > Q satisfying j o Li = Li o j. In the case 
of the Kac-Moody Lie algebra, most of the proof of the Gabber-Kac theorem 
[GK] was to prove ker j = 0. 

However, in the case of the affine Lie superalgebras Q, Q ^ Q if and only 
if Q = sl(m\nY^ (i = 1,2,4) and m = n. (In the case of Q = s/(m|m)^ 1 \ 
Q = sl(m\m) <g> © Cc® Cd and kerj = I <S> C[t,t~ l ] where / is 

the unit matrix.) Nevertheless, we can also look for defining relations of 
Q = s/(m|m)W because we have concretely known s/(m|m) ( -*- ) . 

Our second result is to give relations of quantized universal enveloping 
superalgebras Uh{G) such that, after h — > 0, the relations become the defining 
relations of Q obtained as our first result. Here U h (Q) is an /i-adic topological 
C[[/i]]-Hopf superalgebra introduced in [Yl]. In [Yl], we showed an existence 
of a non-degenerate symmetric bilinear form defined on a Borel part of Uh{Q)- 

Applying the Drinfeld's quantum double construction to Uh{Q) by using 
the bilinear form, we can see that Uh(G) is topologically free and that the 
universal i?-matrix of Uh(G) exists. 

Since U (G) = Uh(G) / hUh(G) is a cocommutative Hopf C-superalgebra, 
applying Milnor-Moor theorem [MM] to Uq(G), we see that Uq(G) is a uni- 
versal enveloping superalgebra U(Go) of the Lie superalgebra Go = V(Uq(G)) 
of primitive elements of Uo(G)- By definition of G as the Kac-Moody Lie 
superalgebra, G must be a quotient of Go- On the other hand, we see that 
Go is a quotient of Q by our second result. Hence, if G = G, we see that 
Uq(G) coincides with U{G) and that our relations must be defining relations 
of Uh{G) by the topologically freedom of Uh{G)- 

Finally, we calculate relations of Uh(sl(m\m)^) which become ones gener- 
ating kerj after h — > 0, while showing Drinfeld's realization of Uh(sl(m\n)^) 
for general m, n. Gathering up the relations and the ones obtained as our 
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second result, we get defining relations of Uh(sl(m\m)^). To do these, we 
introduce a Braid group action on f// l (s/(m|n) ( - 1 - ) ) which become the action 
on sl(m\ri)^ defined by {Li} after h — ► 0, and follow Beck's argument [B]. 
We won't consider Uh(sl(m\m)^) or Uh(sl(m\m)^). 

Results in this paper have already been announced in [Y2]. The same 
results for the finite dimensional A — G type simple Lie superalgebras have 
already been given in [Yl]. 

1 Preliminary 

1.1. In §1, we mainly refer to [Kl-2] and [VdL]. 

Let Q be a C-vector space with a direct sum decomposition Q = 0(0) © 
0(1). For X e 0, p(X) e {0, 1} means that X e Q{p{X)). We call p(X) 
the parity of X. A Lie superalgebra Q is defined with the bilinear map 
[ , ] : x -> such that 

[X,Y] = -(-l) p{x)p(Y) [Y,X], 

[X, [Y, Z\\ = [[X, Y], Z] + [X, Z\\. 

If a bilinear form ( | ) : x -> C satisfies (X\Y) = (-l) p(x ^ Y \Y\X) and 
([Y, Y]|Z) = (A|[Y, Z]), then we call it an invariant form. 

A Lie superalgebra Q = Q ®c C[t, t' 1 ] © Cc © Cd is defined by 

[X © t rn + cue + M, y (g) t n + a 2 c + b 2 d] 

= [X, Y] © t m+n + m5 m+nfi (X\Y)c + b x nY © t n - b 2 mX © t m . 

where 0(0) = 0(0) ©c C[t, t' 1 } @Cc@Cd and 0(1) = 0(1) © c C[f, r 1 ]. 

Let 7 : — > Q be an automorphism of finite order r (i.e. 7([AT, Y\) = 
[ 7 (X), 7 (Y)]). Put 

^ = {X e 0| 7 PO = (ezp^— ^} (0<n<r). 

n 

Then 0q is a subalgebra of and (1 < i < r — 1) is the 0q -module. We 
can define a subalgebra 0^ by 

£ (7) = 0( 22 ® t mr+n ) © © Crf . 

n=0 m£Z 

Obviously 0« = 0. 

1.2. Here we introduce a definition of the Kac-Moody Lie superalgebra in 
an abstract manner similar to the abstract definition of the Kac-Moody Lie 
algebra given in [Kl;1.3]. Let S be a finite dimensional C vector space with a 
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nondegenerate symmetric bilinear form ( , ) : £x£ — > C. Let II = {a 0! &i} 
be a finite linearly independent subset of £. We call an element CKj G II 
the simple root. Let p : LT — > Z/2Z be a function. We call p the parity 
function. Put H = £*. We call 7i the Cartan subalgebra. We identify an 
element 7 G £ with H 7 E H satisfying ^(if^) = (5, 7) (5 G £). For a datum 
(£, II, p), we define a Lie superalgebra £ — Q{£, II, p) with the generators f^, 
F-i (0 < i < n), H E H, the parities p(f^) = p(F;) = p^), p(#) = and 
the relations: 

[ff,ff'] = (H,H'eH), (1.2.1) 
[if, = ^(ff)^, [if, Fj] = -c^ff )F,, (1.2.2) 
[^,F,] = ^-if ai . (1.2.3) 

Then we have the triangular decomposition = A/' + ©7i©A/'~. Here A/" + 
(resp. A/" - ) is the free superalgebra with generators f^ (resp. Fi). Define the 
quotient Lie superalgebra Q = Q(£,U,p) of Q = Q(£,U,p) by 

g(£,U,p)=g(£,U,p)/r . 

where r = r(£, II, p) is the ideal which is maximal of the ideals r\ satisfying 
r\ fl 7i = 0. We call £ = Q(£,U,p) the Kac- Moody Lie superalgebra. We 
have the triangular decomposition 

g = AT+ © n © AT 

where A/" + and A/" - are the subalgebras of Q generated by Ei and Fi respec- 
tively. Let r± — r n A/' ± . Then we have r = r_ © r + and A/" 1 * 1 = J\f ± /r±. We 
also have Af + ^ Af" <-> Fj. Let Q = H ® {® a&£ Q a ) be the root 
space decomposition where Q a = {X G <?|[if, X] = a(H)X (if G 7Y)}. 
Let r a = r n </«. We put $ = $(£,n,p) = {a G £|£ Q ^ 0}. Let 
P + = Z + a © • • • © Z + a n and $ + = $ n P + , $_ = -$+. Then we have 
$ = $ + U . Clearly, we have r = ag $ r a . 

For /3, a G P+, we say f3 < a if a — /3 G P+. Let r +i < a be the ideal of A/" + 
generated by rg with f3 < a. Then r + = U 7g p + r +i < 7 . By the same argument 
in [Kl], we have: 

Proposition 1.2.1. For (£, II, p), let p G £ fre an element such that (p, a,) = 
(ctj, cxi)/2. If a G P + satisfies (a, a) 7^ 2(p, a), £/ien r a zs included in the ideal 
of M + generated by r@ stic/i i/iot f3 > a. In particular, 

U ^+,<7 • (1-2-4) 

7GP + ,( 7 ,7)=2(p, 7 ) 

Lemma 1.2.1. For oti G n, we have dim£/ a . = 1. If p((Xi) = 1 and 
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(ai,ai) ^ 0, then dimQ 2ai = 1- 

Proof. By [E'j.Fj] = H ai ^ 0, dimt/ aj ^ 0. Hence dim£ ai = 1. Similarly we 
can get a proof of the latter half. 

Q.E.D. 



1.3. Here we introduce the Dynkin diagram Y for a datum (£, II, p). We first 
prepare the three-type dots: 



O 



We call those the white dot, the gray dot and the black dot respectively. To 
the i-th simple root a iy we put the corresponding i-th dot defined such that: 



Q if (oci,ai) ^ andp(tti) = 0, 
(g) if (audi) = and p(a,j) = 1 , 
^ if (ctj, ttj) 7^ and p(oti) = 1 . 

The dot X stands for O or . The dot stands for O 

or . We write a a,) | -line between the i-th dot and the j-th dot or 
write as follows: 

% j 



Moreover we add a pile pointing to the smaller of \{a^ aj)\ and | (cKj, qjj) ] . 
If |(o;i,Q;i)| = or \(aj, aj)\ = 0, then we sometimes omit the pile. The 



x O 

semilines : : stands for or . If ctj) ^ 0, (a i: at) ^ and 

x O 



— — — ^— • — — — — = 1, then we put * in a sector enclosed by an edge be- 
{aii,aij) {cm, ock) 

tween i-th and j-th dots and an edge between i-th and fc-th dots. Namely 



we describe the situation as >( * . However we sometimes omit *. 




1.4. We have already known: 

Theorem 1.4.1[K2]. The Kac-Moody Lie superalgebra Q(S, IT, p) is finite di- 
mensional as a C -vector space if and only if the datum is one of the following 
Dynkin diagram. (In any diagram, there is an only one dot whose parity is 
odd.) 

Diagram 1.4.1 



A N _x O <8> O 



B N O <g> O^O 



B N O 



C 



N 



D N O <8>- 




D(2;l,x) 




(x + 0, 1) 



F 4 O O^O ® 
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G 3 ® O^O 



1.5. In 1.5-13, we give a concrete form of finite dimensional Q(So, Ho,po) 
of (So, IIo,po) of ABCD-tjpe, which is given by using matrices. 

Let So is an iV-dimensional C-vector space with a nondegenerate sym- 
metric bilinear form ( , ) : S x S — > C. Let e G {±1}. Let £j (1 < n < N) 
be the orthogonal basis of S satisfying 

(e i ,e j ) = e-6 ir (-lff> . 

where is or 1. Let = (£j,£j). Let gl(£ ,e) = gl(S ) be the C- 
linear space of N x N -matrices. Put E^- = <V)i<ic,j/<iv e qK^o) (1 < 
2, J < A r ). We regard gl(So,e) as a superspace with a parity p defined by 
p(Eij) = (— 1)(pM+pO')). Then gl(So,e) can be regarded as a Lie superalgebra 
defined by 

[X, Y]=XY- (-lf (xwy ¥l . 

Define a C-linear map str : gl(S , e) — > C by str(E i j) = 5^ • <Jj. Let s/(£ , e) 
denote the subalgebra of gl(S ,e) of the elements X G gl(S ,e) satisfying 
str(X) = 0. Let G(So,Uo,po) be a finite dimensional Kac-Moody Lie super- 
algebra. Let 7 : Q(So,Hq,Po) — > £?(£o,rio,po) be an automorphism of finite 
order r. In 1.6-13, We give a concrete form of an affine ABCD-tjpe superal- 
gebra Q(S,H,p) arising from Q(S , U ,Po)^' 1 - Let (^o^o^Po) be the datum 

of g(So,iio,po)l i.e., g(So 1 ,ni,pl) = Q(So,n 

)Po)o- Lor 7, we define the 
datum (S,U,p) = (S , n , Po)^ of affine type as follows: 

(i) S = S2 © C5 © CA 

where (x, 5) = (x, A ) = (i e (5, 5) = (A , A ) = and (5, A ) = 1. 

(ii) For the lowest weight ip of G(S , U ,Po)J, let a = and II = {aojULT^. 

(iii) Let G C?(£o, n ,po)i be a weight vector of ■0. We define the parity 
p(a>o) of o>o by the parity of in <?(£o, n ,po)- We also define p(aj) = Po(oii) 
(a, G ILj) 

1.6. Here we put N = N, S = S , n = N - 1, N > 2 and e = 1. Let 
(So,Ho,Po) be the datum whose Dynkin diagram is: 

Diagram 1.6.1 
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1 

x- 



2 

-x- 



£2 - £3 



N — 1 

X 



£n-i — £ N 



Then we can identify Q(£ ,Ho,p ) with gl(£ ,e) where H E . = djEjj, E i = 
E ii+ i, Fi = diE i+li . We also note that H ai = d~iE u - d i+1 E i+li+1 . 

We also note the lowest root of gl(£o, e) is 9 = en—£\- Lowest and highest 
root vectors Eg, F e (e gl(£o, e)) satisfying [E e , F e \ = H e (= d N E NN - diEu) 
are given by 

F e = d N E 1N , E e = E N1 . 

Proposition 1.6.1. If Y^L\di 7^ 0, then sl(£ , e) is the simple Lie su- 
peralgebra. If Y^Lidi — 0, then the quotient sl(£o,e)/T is the simple Lie 
superalgebra where 

J = C ■ EiIl 1 ((E}=i dj) ■ H ai ) = C- Eil: E u . 



Proposition 1.6.2. Assume N > 3 if p(a ) = 1. Lei (£ , n ,po) £/ie 
datum of Diagram 1.6.1 and (£,U,p) = (£ , n ,p )^. Let Q(£,H,p) = 
sl(£o,e) + £0 (c gl(£o,e)). There is an epimorphism j : Q(£,U,p) — > 
n,p) defined by letting j(H ®l + ac + bd) = H + aH s + bH Ao (H £ H) 
and j(E e <g> f) = £ , j(F e <g> t' 1 ) = F . 

If YliLi di 7^ 0, then j is an isomorphism. If Y^Li di = 0, then 

kerj = ®i^®t\ 



Example 1.6.1. The Dynkin diagram of (£,U,p) in Proposition 1.6.2 is: 

Diagram 1.6.2. (N > 2) 
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o-- 



1 

o 



(ES'pK)^O). 



1.7. Here we assume 

N 



2N + 1 UN is odd, 
27V if N is even. 



We assume N > 3. Let = N + 1 — i. We also assume 

= p(i') (l<i<N) 

and 

p(jV + 1) = if TV is odd. 

Let g-i (1 < i < N) be such that G {±1} and g^g? = (— We assume 
that Qn+i — 1 if N is odd. 

Let VL be an automorphism of gl(S , e) of order 2 defined by: 

npOtf = -(-if^^ + ^ m x fl , . 

Denote sI(£q, e)g by osp(£o, e). We can identify osp(So, e) with a finite di- 
mensional Kac-Moody Lie superalgebra G(£o, n ,po) of a datum (£ , n ,po)- 
Here we note n = N. In 1.8-11 we will give: 
(1) the datum (£o,H ,p ). 
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(2) the lowest root 9 of s/(£ ,e)o, a lowest root vector Eg and a highest 
root vector Fg such that [Eg, Fg] = Hg. 

(3) the lowest weight ip of sl(£o,e)i, a lowest weight vector E^ and a 
highest weight vector F^ such that [F^F,/,] = H^. 

(4) C/(£,II,p) and Q(£,U,p) arising from osp(£ , e)^ and sl(£ , e)( n \ 



1.8. F-type. If iV is odd, then the Dynkin diagram of (£o,n ,po) is: 

Diagram 1.8.1. 
1 JV-1 JV 

B x x=^>® • 

E\ — £2 — £JV-1 ^AT 



Here ^ = d j {E jj -E rj ,) (1 < j < TV), F, = S ii+1 _(_i)p(Op(i+i)(_i)p«+i)^ i+1 E 
(1 < i < iV — 1), ^ = Fatv+i - g N E {N+1 y N >, F = e • {(-lp)E mi - 
(-l)mp(i+i) gigi+lEi , {i+1 y}(l < i < N - 1), Fa = e • {(-1)^%^ - 

fl , 7V-EAT'(A+l)'} • 

Moreover we have: 
If p(ai) + • • • + p(aN-i) = 0, then 

9 = —E\ — £2, Fg = e -{(-iy^E 21 , - {-\y^g 2 g v E 12 ,}, 

E e = e V2 - (-iy^ 2 \-iyw gi ,g 2 E 2/1 , 

i> = -2e u F^ — e- 2(-lf«F ir , = E V1 . 
If p(ai) + \-p(a N _i) = 1, then 

9 = -2e u F e = e- 2(-l)^F n ,, Eg = E V1 . 

i> = -ex - e 2 , F^ — e- {(-1)^F 21 , + (-l) W(2 W#i2'}, 
F^ = F r2 + (-l^^-l^W^i, 



1.9. C-type. If N is even and p(N) = 1, e = — djy, then the Dynkin diagram 
of (£ ,U ,p ) is: 
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Diagram 1.9.1. 
1 N-1 N 

X X^^D • 

E\ — E 2 £N-2 — £N-1 2EN 



Here H gj = d 3 {E 3J -E jiy ) (1 < j < N), E, = ^ +1 -(-l)^( i + 1 )+^+ 1 )) ftft+1 £; (i+1) , i; 
(1 < i < N-1), E N = E NN t, Fi = e .{(-l)^) J E J+1 -(-l)^^+ 1 )^ +1 ^ (l+1); } (1 < 
i<N-l), F N = e-2(-l)*WE N , N . 

Moreover we have: 
If p(cni) + • • • + p(otN-i) = 1, then 

9 = -ii-e^Fe = e-{{-lf^E 2V - {-lf^ g 2 g v E l2 ,} , 

E e = E V2 - (-iy^ 2 \-l f^gyg 2 E 2/1 , 
i) = -2ei, F^ — e- 2(-lf^E lv , E^ = E V1 . 
If p(ai) + • • • + p(otN-i) = 0, then 

6 = -2e!, F e = e ■ 2(-lf^E lv , E e = E V1 , 

i> = -ex - e 2 , F^ — e- {{-lf^E 2V + (-lp^W^i*}, 
^ = £ r2 + (-l)*K^(-l)^) 5l , S2£2)1 . 

1.10. -D-type. If N is even and p(N) = 0, e = Jjv, then the Dynkin diagram 
of (£ ,n ,]9o) is: 

Diagram 1.10.1. 

£jv-i — £at 




X Jv-i 



X N 



£n-i + 
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Herein = d 3 {E 33 -E 3 , r ) (1 < j < N), E, = ^ +1 -(-l)(^^ 1 )+^+ 1 ))^^ +lJ E ( , +1) v 
(1 < % < N — 1), E N = E N _ 1N > — gN-i9N>EN(N-iy, 

Fi = e ■ {(-lf^E i+li - (-iy^^ gi g l+1 E z , {l+1 y} (1 < i < N - 1), 
Fn = e - {(—ly^'^EwN^ — g(N-iy9N'E(N-i)'N} ■ 

Moreover we have: 
If p(ai) + h p(a N -i) = 0, then 

9 = -e.-e^Fg = e-{{-lf^E 2V - {-l) mm g 2 gv E l2 , }, 

E e = E V2 - {-iy^ 2 \-iyMg v g 2 E 2 , u 
i> = -2e u F f = e- 2(-lf^E lv , E^ = E V1 . 
If p(ai) + • • • + p(aN-i) = 1, then 

9 = -2ei, F e = e ■ 2(-lf^E lv ,E e = E V1 . 

i> = -ex - e 2 , F^ — e- {{-lf^E 2V + (-1)^ (1 ^ (2) ^^}, 

^ = £ r2 + {-i)mm)^i)m) gvg ^ E2 , u 

1.11. Proposition 1.11.1. osp(£o,e) is the simple Lie superalgebra. 

Proposition 1.11.2. Let (£ , n ,po) be the datum ofosp(£ , e) and (£, II, p) = 
(£ , HojPo)^- Put Q(£,U,p) = osp(£ , e)^\ Tnere an isomorphism: 
j : C/(£,n,p) — > £(£,n,p) defined by letting j(H <g> 1 + ac + 6d) — H + 
aH s + 6# Ao (/J G 7i) and ® t) = #0, j(F e <g> r 1 ) = F„. 

Proposition 1.11.3. If Y<t=i(- l ) m ^ °> i/ien s^e)? £ne szmp/e 
osp(£ , e) -module. If(—1) N = 1 andY^f=\di = 0, then the quotient si (£ ,e)i /X 
is the simple osp(£ , e) -module where 

1 = C- Yh=i{Eu + Em) . 



Proposition 1.11.4. Assume N > 3 if = %£n and p{ct\) = 1. Let 
(£ ,Uo,p ) be the datum of sl(£ ,e) and (£,U,p) = (£ ,H ,p )^ n K Put 
G(£,U,p) = sl(£ , e)( n \ There is an epimorphism: j : sl(£ , e)^ — > Q(£,U,p) 
defined by letting j(H <S> 1 + ac + bd) = H + aHs + bH\ (H e 7i) and 
® *) = #o, J'(^ ® i" 1 ) = ^o- 
IfJ2iLi di 7^ ; iaen j zs an isomorphism. If (— 1)^ = 1 and X^Li — 0, 
£/ien 

kerj = ®iX® t 2i ~\ 
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Example 1.11.1. The Dynkin diagrams of (S,U,p) in Proposition 1.11.2 
(resp. Proposition 1.11.4) are: 

Diagram 1.11.1 (N > 2) 

5 -Ex- E 2 



(DB) 




(ElMa t ) =0(iesp. 1)) 

Diagram 1.11.2 (N > 1) 



(CB) 







1 

•X 



N-l N 



5 - 2e 1 ei - e 2 



£n-2 — £n-i 



En 




(ElMai) = 1 (resp. 0)) 



(DC) 



8-81-82 



X 



Diagram 1.11.3 (N > 3) 



1 X 

£1 -£2 




2 

x- 



N- 1 iV 

-X^^D 



£ 2 — £3 £n-2 — £n-i 2e 



iV 



(Eill'pC^) = 1 (resp. 0)) 



Diagram 1.11.4 (N > 3) 



(CC) 







1 

x- 



N- 1 TV 

-x^^D 



5 — £1 — £2 £n-2 ~~ £n-i 2e 



iV 



(Ell 1 P(ai) = (resp. 1)) 



Diagram 1.11.5 (iV > 3) 



5 - £1 - e 2 



X 



£jv-i — £n 



(DD) 



1 X 

£1 -£2 




7V-2 

X 

£2 — £3 £jv-2 — £n-i 



2 

X- 




X JV-i 



X N 

£~AT-1 + £jV 
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(E^VK^OO-esp. i)) 
Diagram 1.11.6 (N > 3) 



(CD) 







i 

x- 



5 - 2ei e 1 - e 2 




X N-l 



£n-2 — £jv-i 



X * 

£JV-1 + ^AT 



(Ef=i pK) = 1 (resp. 0)) 

1.12. Keep the notations in 1.10. However we denote the integer N in 
1.10 by N ± . In 1.12, we let N denotes JVi - 1. We assumed N > 3. T/ien 
N > 2. Let u; be an automorphism of osp(So, , JatJ of order 2 defined by: 



"P0« = X Vj 



where 



r iv 

N 

i 



if i = iVi, 
if i = iV(, 
otherwise. 



Then we can identify osp(£ , , djvJo w hh £(£ ,n ,po) of (£ ,n ,po) of the 
Dynkin diagram: 



Diagram 1.12.1. 
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1 N-l N 

B x x==^® 

Si — e 2 £n-2 — £n-i £n 



Here H s . = <I,(I-: U - E rr ) (1 < j < N - 1), E t = E ii+1 - 
(_l)(p«)p(i+i)+f(i+i))^. +lJ E7 ( . +1)/ . # (i < i < N - 2 ), = E Nl _ 1Nl + 

En!-in[ — 9n 1 -i9n[ \En 1 (n 1 -\)> + E N ^ Nl _iy), 

Fi = e ■ {{-\y^E l+u - (-lf^ i+ ^ gi g l+1 E l/{i+1 y} (1 < i < Nj. - 2), 

-F/Vi-i = \ ■ e ■ {( — ^^"-^(-EjViiVi-i + En'^-i) — 9(^-1)' gN'^E^-iyN + 
E( Nl _ iyN ^)}. 

Here we introduce the lowest weight ip of osp(£ , e)±, a lowest weight vector 
Ejf, and a highest weight vector F^ such that [£",/,, F^\ = H^: 

4> = — £i, = - ■ e • {-EiiVi + ^iatj — gi9Ni{E Nll + E^ji)}, 

-Ei/> = Em + — (— ^-Y^9n9v{Evn + Eyw). 

Proposition 1.12.2. osp(£ Q ,e)^ is a simple osp(£ , c)q -module. 

Proposition 1.12.3. Let (£ , n ,po) be the datum ofosp(£o, e) and (£, H,p) = 
(£ ,_ n o,Po) H - Put Q(£,U,p) = osp(£ ,e)^K There is an isomorphism: 
j : G(£, n,p) — > £?(£, n,p) defined by letting j(H <g) 1 + ac + fed) — H + aH$ + 
bH Ao (H e H) and j(E^ <g> i) = £ 0; ® = 



Example 1.12.1. If > 3, the Dynkin diagrams of (£,H,p) in Propo- 
sition 1.12.1 are: 

Diagram 1.12.2. (N > 1) 



1 N-l N 
(BB) ®^=X X==>® 



5 — Si Si — 62 En-2—£n-i £n 
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1 



1.13. Let £ be the C-vector space in 1.5. Here we assume that N = 2N + 2 
(N > 1) and shift the numbering of the basis as follows 

{^0) £i, • • • , £at, £jv+i, £jv, • • • , £~v} 

where %' = 2N — i + 2. We also assume: 

p(0) = 1, p(N + 1) = 0, = p(i') (1 < % < N), 

and 

9i , g v G {±1} (1 < i < N) g i9v = (-I)pW. 

In 1.13, we denote this £ by £ 01 and we again denote the subspace with 
the basis {e±, . . . , £jv, £jv+i, £jv'j • • • , by S . We denote an element X e 
sZ(£ i,e) by 





/ a 




X = 




Xy 






V 





where the sizes of the matrices (a), (oj), (6,) and (Xj,) are 1 x 1, 1 x (2N + 1), 
(2N+ 1) x 1 and (27V+ 1) x (2N+1) respectively. Let S be an automorphism 
of s/(£oi; e ) °f order 4 defined by: 





^ -a 




spo = 


-y/-l9i>a>i' 


n((x«)) 



Then sZ(£qi, e )o consists of the matrices 





/ o 





\ 


X = 















V 







where the 2iV + 1 x 2iV + 1-matrices (Xij) form osp(£ , e) whose Dynkin 
diagram is: 
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Diagram 1.13.1 
1 N-l N 

x X=^® • 

Ei — 82 SN-2 — EN-1 



Here we introduce the lowest weight ip of sl(£oi, e) = , a lowest weight vector 
e sl(£ m ,e)f and a highest weight vector e sl(£oi,e)f such that 
[E^, F^\ = 

il> = -ei, F^ — e- {{-l) m E m , + ^ro}, 
-^v = -^i'o ~~ 9\Eqv- 

Proposition 1.13.1. sZ(£ i,e)i an d sZ(£i,e)f are the simple osp(£,e) = 
sI(£qi, e)o -modules. 

Proposition 1.13.2. As an osp(£ , e)-module, 

sZ(5i,e)| = sl(£,e)^ © J 
where J = C El=i +1 {(-l) m E 00 + E u }. 

Proposition 1.13.3. Let (£ , n ,p ) be the datum of sl(£ 01 , e) and (£,U,p) = 
(£ ,Il ,po) {n) . Put g(£,U,p) = sl{£ 01 ,eY s \ There is an epimorphism: 
j : sl(So,e)^ — > G(£,H,p) defined by letting j(H <g> 1 + ac + M) = H + 
aH 5 + 6# Ao (# e W) and /(^ ®t)= E , j(F^ r 1 ) = F . 

IfYliLi di 7^ 0, then j is an isomorphism. If (— 1)^ = 1 and Y^iLi d% — 0, 
then 

kerj = ®il(g)t Ai ~ 2 . 



Example 1.13.1. The Dynkin diagrams of (£,U,p) in Proposition 1.13.2 
are: 

Diagram 1.13.2. (N > 1) 
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1 N-l N 
(BB) ®^=X X=^® 

8 — Ei E~i — 62 £N-2 — £N-1 £N 



1 

1.14. We call the datum (£,U,p) in the following table the one of affine 
ABCD-type. In the following table, a subscript of a name of a Dynkin diagram 

n 

shows y^p(a?j) (mod 2) of the corresponding superalgebra. 

i=0 



Name 


Another name 


Dynkin diagram 


Q = Q 


A N-1 


s/(£)« 




N 

i=i 


N 


55p(^od(i) (1) 


(DB)o (CB)i 


all 


J (2) 
2N 


sJ(4h) (2) 


(DB)i (CB) 


all 


Mi) n (i) 


osp(£ even Y ) 


(CC) (CD) 1 (DD) (DC) 1 


all 


4 (2) 
/1 2Af-l 


sl(£ even )^ 


(CC) 1 (CD) (DD) 1 (DC) 


N 

i=i 


r,(2) 


osp(£ even )( ) 


(BB) 


all 


J (4) 
-^JV+l 


sl(£)W 


(BB), 


N 

i=i 



1.15. We call the data whose Dynkin diagrams are Diagram 5.1.4, Diagram 
5.2.3 and Diagram 5.3.3 -D(2; 1, a^W-type, F^-type and G^-type respec- 
tively. We call these affine exceptional type. 

2. Affine Weyl type isomorphism 

2.1. In this section, we introduce a family of isomorphisms between Lie 
superalgebras Q(£,U,p) of (£,U,p) of affine ABCD-type (see also [FSS]). 
The isomorphism Lj can be considered as a super- version of Weyl group ac- 
tion. However our isomorphisms change Dynkin diagrams. We shall also in- 
troduce other Lie superalgebras Q{£,H,p) of (£,U,p) of affine ABCD-type. 
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We shall show that Q{£, II,p)'s are universal super algebras satisfying: (i) 
Q(£,U,p) is a quotient of Q(£,U,p), (ii) Lj can be lifted to isomorphisms 
of £?(£,n,p)'s. Finally we shall show that Q(£,H,p) = Q(£,U,p). We have 
already introduced Q(£,H,p) in a concrete way in §1 for (£,U,p) of affine 
A£?CD-type. We have known that Q(£,H,p) ^ Q(£,U,p) if and only if 

N 

g(£,U,p) = sl^W, sl(£ eV en) {2 \ sl(£)^ and £ d, = 0. 

Our idea using Weyl-group-type isomorphisms relates to [LS]. 
2.2. Let 

Eij(k) = [...[[Ej, Ei],Ei],..., El Fij(k) = [—[[Fj, F t ], F t ], . . . , Fj . 

V v ' V v ' 

k- times fc- times 

The calculations of the following lemma are useful. 

Lemma 2.2.1. (i) If % ± j, then Fj = -(a^a^Ej, [E h [Fj, Fj]] = 

(-l)*W^)( ai , aj )F 3 [[F^F.IJF^F]] = (-l)P(«')p(« J -)( ai>aj .)^ ai+a .. 

(ii) For the i-th simple root oti G II satisfying (ctj, ctj) 7^ 0, let = ^ Q!j " Q ^ , 
Assume that a^- is an even integer if p(ccj) = 1. Put 

!fc(-ay - k + 1) if p(o!j) = 0, 
if p(aij) = 1 and is even, 
—a,ij — k + 1 if p(ci!j) = 1 and k is odd. 

We put < k; —a^ >! = Ur=i < r \ ~ a ij >■ Tnen 

[E^F^k)] = < k . _ a .. > jr.. (£; _ i), 

F] = < fc; > E l3 {k - 1), 

[4(^),4(^)] = (_1)*(-1)P(«*M%) < fc;-^- >\H kai+a .. 



Lemma 2.2.2. Let £ = C/(£,II,p) 6e a Kac-Moody superalgebra with the 
triangular decomposition Q = J\f + ®7i® M~ . If X G A/" + (Vesp. F G A/" _ j 
satisfies [X, F fe ] = (Vesp. [F fc , F] = 0) for any k, then X = (Vesp. Y = 0) 
in Q. 

Proof. We can assume that X is in an root space. Let r + (X) be the ideal of 
J\f + generated by X. Then r + (X) is an ideal of Q such that r + (X) D Ti — 0. 
Hence X = 0. 
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Q.E.D. 



As an immediate consequence of Lemma 2.2.1 and Lemma 2.2.2, we have: 

Lemma 2.2.3 (i) For the i-th simple root ati G II satisfying (aj,Q;j) ^ 0, 

let aij = 2(aij,ai)/(ai,(Xi). Assume that is an even integer if p(aii) = 1. 

Then E^i—a^) = 0, Fy(— (%) = in Q. 

(ii) If (a i: on) = 0, then [E t , E t ] = [F h Fj = in Q. 

Proof. Direct calculations. 



Proposition 2.2.1. Let Q = Q(£,U,p) be a Kac-Moody superalgebra such 
that an i-th simple root on G II satisfies (a iy a,) = 0. Let IT = {a[, . . . a' n } 



{-ai,aj + o>i (j ^ 



\Otii OLj / 



^ 0), aj(j ^ i,(oi,aj) = 0)}. Put 



Q' = G(£, II', p). Then there are isomorphisms : Q — > Q 1 such that 



0(# T ) = F 7 



(2.2.1) 



(7n particular, 



-H a > 



i/7 = a*, 

if ^ — OLj and (ctj, a,-) 7^ 0, 
ifj — OLj and (ojj, a,-) = 0. 



0(F,) = -(-1)^)F,, = -F;, 



(2.2.2) 



f_l )p(«j) 

HEj) = ^[Ei,El <f>(Fj) = —[Fj, Fi], ( («,,«,-) ? ) 

{OLi, OLj) 

(2.2.3) 

4>{Ej)=Ej, 0(F,) = F, (i^j, = 0) (2.2.4) 

Proof. Let W be the Cartan subalgebra of Denote the right hand sides 
of (2.2.1-4) by H'^, E'j and Fj. We can show that there is an epimorphism 
y : Q(£, II, p) -> 0'. such that y(# 7 ) = y(F,) = Fj and y(F,) = Fj. For 
example, by Lemma 2.2.3 (ii), we can show that the elements satisfy (1.2.1- 
3). Clearly y\n : 7i — > 7i' is isomorphism. Hence there exists an epimorphism 
0i : <?' -> ^ such that 0i(F 7 ) = # 7 , 0i(Fj) = F, and 0i(Fj) = F,-. Since 
0i| W / is injective, 0i is isomorphism. 0i is nothing else but _1 . 

Q.E.D. 

Keep the notations in the statement of Proposition 2.2.1. We still assume 
(ojj,a;j) = 0. For the Dynkin diagram T of (£,U,p), we denote the Dynkin 
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diagram of (£, II', p) by Y <1> . Similarly to the proof of Proposition 2.2.1, we 
have following Propositions 2.2.2-3. 

Proposition 2.2.2. Let Q = Q(£,U,p) be a Kac-Moody superalgebra such 
that ani-th simple root oti G II satisfies (ccj, ai) ^ 0. Let di = (ctj, a.j)/2. Let 



&ij ) s • 



(-(%)! ifp(oi) = 0, 
i)!2^ ifp(aA = 1, 



Assume that is an even integer if p(cKj) = 1. T/ien there is an isomor- 
phisms (ft : Q — > £ snc/i £/ia£ 

<K#t) = # 2(-i> Q . (2-2.7) 

0(^) = = (2.2.8) 

4>(Ej) = ^-—E^-a^), (2.2.9) 

^(Fj) = (_i)-^_J_Fy(-ay). (2.2.10) 

I a ij)s- 

Proposition 2.2.3. For II = {ai, . . . , a n }, let a : {1, . . . , n} — > {1, . . . , n} 

fre a bijective map such that (a a (j), &a(j)) — (<Xi,oij) (1 < i, j < n). Then 
there is an isomorphisms : Q — > £ snc/i i/ierf 

H ai = H aa(i) , (2.2.11) 

0(^)=F a(j) ,0(F l ) = F a(j) . (2.2.12) 



2.3. Here we fix a positive integer iV. Let 0at be the set of affine ABCD- 
type Dynkin diagrams V satisfying that the number of the dots of V is N — 1 
if T is of the affine A-type, N otherwise. Let D(Q N ) be the set of the 
data (£, U = {a , • • • , oc n },p) whose Dynkin diagrams belong to Q^. Let 
r G 6jv and (£,U,p) G D(Q N ). For < % < n, we define T a(i ^ = V G Q N 
and (E a{ i ) _= ©^CeJ C8@ CA , W^\p a ^) G £>(0jv) by following (i)-(iii): 
(We put < = (3,60.) 

(i) If 1 < i < iV — 1 and = 0, then IFW,^) satisfies that 
po-(i) _ p<«> ( reac i the sentences before Proposition 2.2.2) and d\ = d i+1 , 

d'i+i = d~i, d'j = dj U + 

(ii) If T is affine A type and % = 0, then iF^,^) satisfies that 
T *(i) = T <i> and d' 1 = d N ,d' N = di and 4 = ^ (j^l,N). 
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(iii) Otherwise we put r CT « = T and IFW,^) = (£,U,p). 

2.4. For (£,U,p) e D{Q N ), let (£\ W = {aj, . . . , a* }, pt) e £(0^) be 
an another datum satisfying: 

(i) S t = 5, 

(ii) For (£,U,p) e D(Q N ), the type of the Dynkin diagram T' 1 ' of nt,pt) e 
^(©jv) is: 

(A4) if T is type (AA), 

(SB) if T is type (BB), 

(CB) if T is type (CB) or (DB), 

(CC) if r is type (CC), (CD), (DC) or (DD). 

We shall not need p*. So we merely denote n^pt) by (£t,nt). 

Remark 2.4.1. We can easily see that two T^'s defined for (£,n,p) and 
(£ a ®,Il a ®,p a ®) are same. 

Lemma 2.4.1. P + = Z + a © ... © Z + a n C P\ = Z + a\ © ... © Z^a\ t . 

2.5. On £ = @f =1 Cei © C5 © CA , we define another symmetric form 
((,)):£x£^Cby 

((£<, eO) = <%, 5)) = 0, ((5, 5)) = 0, ((5, A )) = 1, ((A , A )) = 1. 

For (£,U,p) E D(B N ) and < i < n, define J CT « : £ = ®f =l Csi ® C5 ® 
CA -> = ©jliCeJ © C5 © CA by J CT «(^) = ej, J CT «(<5) = 5 and 

J CT «(A ) = A . We also define a linear map a(i) : £ -> by 

a«(,) = r«(,-%4 11 «l)- 

(K,aJ)) 

As an easy consequence from Propositions 2.2.1-3, we have: 

Theorem 2.5.1. For(£,Tl,p) e D(Q N ) andO<i<n, LetH®® ae &,wGZ® 
be the root space decomposition of G(£ a ( l \ U. a ^\p a ^). 

(i) There is an isomorphism Li : Q(£,U,p) -> G(£ a ^ ,U a ^ ,p a ^) such 
that: 

L l {H 1 ) = H ami) { 1 e£). (2.5.1) 
In particular, Li satisfies: 

u(g a ) = g% (a) (2.5.2) 
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(ii) Let L\ and Li be two isomorphisms satisfying (2.5.1) Then there exist 



Qj E C* such that 



L[(E 3 ) = aMEj), L^Fj) = aj'L^). 



(2.5.3) 



Proof, (i) We can choose one of 0's in Propositions 2.2.1-3 as Lj. It is 
obvious Li satisfies (2.5.1-2). 

(ii) By (2.5.2) and the fact of dimQ a . = 1, dimt/^j^.-j = 1. By the fact 
of [Li(Ej), Li(Fj)] = H a( i )(aj) = [L^),k^)l, we get (2.5.3). 

Remark 2.5.1. For example, cr(i) and Li move as follows: 



1 



i + l 

-o 



a 



i + l 



i - 1 



i + l i-l 



N-2 N-l N 

>o 



N-2 N-l N 

O — 



N-l 



i + l 

-o 



(1 < % < N- 1), 
N — 2 N — 1 N 

o- 



N-l 



N-2, 




N-2 




Proposition 2.5.1. For (S,U,p) e D(S N ), let Q = g(£,U,p). Then 
dim£ a = 1 if a e <$>\Z5. 

Proof. We consider the case of a e $+ \ Z + 5. We use an induction on 
the height with respect to IT'. By ((a, a)) > 0, ((a, a*)) > for some i. If 
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a Zdi then the height of a(i)(a) is smaller than the height of a. Thus by 
cr(i)'s, we can get a path from a to raj G II' of another datum (£',11', p') 
where r G {1, 2} if p(ai) = 1 and (ctj, a*) 7^ 0, r = 1 otherwise. On the other 
hand, dim^ a . = 1 by Lemma 1.2.1. 

Q.E.D. 



2.6. Let D(Q N ) {XY) denote {(£,U,p) G 0^1(5, n,p) is (XY) - type}. 
Then {cr(i)|l < i < n} preserve -D(©at)i = D(Q N )( AA ), D(Q N ) 2 = D(Q n )( B b), 
D(G N ) 3 = D(Q N ) (CB) U D(Q N ) (DB) or D(Q N )± = D(Q N ) (CC) UD(Q N ) (CD) 
UD(0 N )( DC ) LiD(0 N )( DD y Let W = W(i) denote a group generated by 
{cr(i)|l < % < n} acting on D(Q N )i. Then W(i) is isomorphic to the affine 
Weyl group of the corresponding (£',rF). 

Let D{Q N )i = U"! =1 D(©w)jj be the orbit decomposition. If a datum 
(£,Yl,p) associated to a Dynkin diagram T G On belongs to D(Q N )ij, then 
we denote D(e N )ij by D(Q N )[T]. 

2.7. Proposition 2.7.1. Fix an orbit D(Q^)[T}. Fix an isomorphism 
h : g(£,U,p) -> g(S a(i \U a ^,p a ^) for each (£,U,p) and a(i). Then there 
exists a unique family {Q(£,U, p) \(£,H,p) G D(0jv)[L]} of Lie superalgebras 
satisfying following (1), (2) and (3). 

(1) For (£,Yl,p) G D(Q N )[T], there is a sequence of epimorphisms 

g(£,u, P ) ^g(£,u, P ) *^g(£,n, P ) 

( H E F > H E F > H E- F ) 



(2) For the isomorphism Li : g(£,U,p) -> W^,p a ^), there is an 

isomorphism Li : g(£,Yl, p) — > g(£ a ^ l \H a ^\p a ^) satisfying the following 
commuting diagram: 



g(£ a ^,w j ^,p' 7 ^) 



*(£,n, P ) 



Q(s,u, P ) 



g(£ a( - i \u a( - i \p' 7 ^) 
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(3) If there is a family {g^ x \£,U,p) \(£,U,p) G D(Q N )[T}} of Lie superal- 
gebras satisfying (1) and (2), then there are epimorphisms 

n, P ) : g(s,u, P ) — g^(s,u, P ) ((£,u, P ) g d(& n )[t]) 

satisfying following commutative diagram 

Diagram 2.7.1. 



Li 



*(£,n,p) 



*W(£,n, P ) 




g^(£,u,p) 



*< A )(£,n, P ) 



g(£ a ^,w^,p a ^) 



*(£ <T W,n <T W, P CT M) 



*( A )(£ CT ( i ),n CT ( i ',p CT ( i ') 



gW(£ a ^\n a{i \p a ^) 



^(A)( £ <T(») in <7(t) iP <r(i)) 



g(E c ^ ,w^\p a ^) 



(ii) The set {g(£,U,p) \(£,U,p) €. D(Qn)[T]} does not depend on the choice 
of {L^. 

Proof, (i) Let { = U,p)\(£, U,p) G D(G N )[V]} } (A)e(A) be 

the family of the families C (A) ((A) G (A)) satisfying (1) and (2). Let 
¥ x \£,U,p) : g(£,U,p) -> gW(£,n,p) be the epimorphism in (1) for (A) G 
(A). Letf( A )(^,n,p) = ker*|-( A )(£,n,p) and f(£, U,p) = n {X )e( A )r w (£,Il,p). 

Put g(£,u, P ) = g(£,n,p)/f(£,n, P ). Let me,)}, MFj)} g g(£ a{i) ,n a(i \p a{i) ) amaj) 

be representatives of Li(Ej), Li(Fj). Similarly to Proposition 2.5.1, we can 
show dim(?( A )(£,n,p) a = 1 if a G $ \ ZS. Then f^(£ a ^\ U a(i \p a ^) a{i){a . } 

= r^W.n^,^)^,. Hence ME,)} ee M^)] = 4V;) 

(mod f^(£_ aii \U a ^,p a ^)). 

Hence, in (£ a ^ ,U a(i \p a ^), the elements Ha(i)(j), M E j)} and [Lj(F 3 -)] 
satisfy (1.2.1-3) for (£,U,p) whence, even in g(£,U,p), the elements satisfy 
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(1.2.1-3). Hence there is a morphism L t : g(£,U,p) -> £(£ CT «, n CT «, 
such that 

n^j/^oLj = Zf } o^( A )(^,n, P ). (2.7.1) 

Therefore there exists Zj : £(£,n,p) -> C/(£ CT W, n^ip^)) such that Zj = 
Li o \&(£, n,p). Clearly Zj satisfying the commutative diagram of (2). Using 
Lemma 2.2.1, we can see that Zj o Li : £?(£,n,p) — > £?(£,n,p) satisfies that 
Zj o Li(Hj) = (H y ), and Zj o Zj(Fj), Li o Li(Fj) are nonzero scalar multiples 
of £j, Fj respectively. Hence Zj is an isomorphism. 

(ii) By theorem 2.5.1, if L\ is another Lj, then L'^Ej) = ajLi(Ej), L'^Fj) 
= a] l Li(Fj) for some Qj e C \ {0} (0 < j < n). Let a : g(S,U,p) 
— > C?(£,n,p) be an isomorphism defined by 4> a (Ej) = ajEj, 4> a {Fj) = aj Fj, 
4> a (H) = H. Then L\ = Li o a . The ideal f(£,n,p) in the proof of (i) 
satisfies H fl f{£, II, p) = 0. Then f(£, n,p) is the homogeneous ideal. Then 
we can also define an isomorphism a : Q(S,U,p) — > </(£,n,p) similar to 
a . Denote Zj defined for L[ by Z^. By the universality of Zj, it follows that 
Zj = Zj o (p a . In particular, Q{£,H,p) is determined independently of the 
choice of Lj. 

Q.E.D. 

Lemma 2.7.1. Let (£,U,p) e F>(0;v) and = £(£,n,p). Lei A/" + ; AT - 
fre i/ie subalgebras of Q generated by E i} Fj respectively. Then we have the 
triangular decomposition 

Here TL can be identified with Tt of Q . We have J\f + = J\f~ (Ei <-> Fi). 
Proof. The triangular decomposition is clear because f D H — 0. Let f 
be the ideal f(£,U,p) of Q(£,H,p) in the proof of Proposition 2.7.1. Let 
f± = f(lj\f ± . Let fi (resp. f\_) be the ideal defined as the image of f + of the 
map AT+ -> AT" (Fj -> F) (resp. Af" -> M + {Fi -> Fj) ). Put f 1 = fi ©fi 
and C/ 1 = Cz/f 1 . By the universality, we can show Q 1 = Q. Then we have 
fi = f± 

Q.E.D. 

Lemma 2.7.2. For «j e n, we have dim(/ a . = 1. If p(oti) = 1 and 
(aj,aj) 7^ ; i/ien dim Q 2oii = 1. 

Proof. The proof is obtained similarly to the proof of Lemma 1.2.1. 

Q.E.D. 

Proposition 2.7.2. Let $ be the set of the roots of'Q(S, H,p) associated with 
(S,U,p) E D(Q N ). For Q = Q{E,H,p), let £ 7 = {x G Q\[H,x\ = l(H)x}. 
Then we have 
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(i) dim£ 7 = 1 1/7 G 

fzzj dim£/ 7 > dim(? 7 2/7 G 

(raj dim£ 7 = O«/70U {0}. 

In particular, 

ker #(£,n,p) C © r ^ £r5- 

Proof. By Lemma 2.7.1, we may assume 7 G P+. (ii) is clear. Using Lemma 
2.7.2, we can proof (i) similarly to the proof of Proposition 2.5.1. Moreover 
(iii) can be proved similarly to the proof of Proposition 2.5.1: If 7 ^ $ U {0}, 
then, by cr(i)'s, we can get a path from 7 to (® ai eU'Zai) \ (P' + U —P+) of 
another datum {£' , II', p'). By the triangular decomposition of Q{£' ,U',p'), 
we have dimC/ 7 = 0. 

Q.E.D. 



2.8. Proposition 2.8.1. Let (£,U,p) G D(Qn). 

(i) There exists a unique Lie superalgebra &(£,H,p) satisfying following 
(1), (2) and (3). 

(1) For (£,U,p) G D(Qn), there is a sequence of epimorphisms 

g(£,U,p) &(S,IL,p) G(£,U,p) 

( H E F > H E F > H E F) 

(2) By (1), there is a root space decomposition 

g\£,u,p) = n®(® ae ^gi) 

such that £ = W D D * . Here * is the set of the roots of Q(S,U,p). 
Then the assumption (2) is that ^ = \l/ and dim(?* = 1 if a G \& \ 

^ If there is a Lie superalgebra G^ x \£, II, p) satisfying (1) and (2), then 
there is an epimorphism: 

m x \£,u, P ) : $t(£,n,p) -» £« A) (£,n, P ) 

(mJ (^(^LLp) zs isomorphic to Q(£,U,p). 

Proof, (i) Let {Q^ x \£, II, £>)}(A)e(A) be the family of Lie superalgebras sat- 
isfying (1) and (2). Let ^ x \£,U,p) : G(£,U,p) -> £« A )(£,II,p) be the 
epimorphism in (1) for (A) G (A). Let f^ A ^(f,II,p) = hsr^^(£,H,p) and 

f*(5,n,p) = n (A)e(A) f« A )(£,n, P ). Put s*(£,n, P ) = s(£,n, P )/ft(£:,n,p). 

Then &(£,Il,p) satisfies (1), (2)_and (3). 

(ii) By the universality of Q*(£, II, p), there is an epimorphism L\ : 
^(5,n,p) - 0t(£*« n*« SU ch that L*(if 7 ) = tf CT(i)(7) , = 
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*t(£,II, Ll(Ej) = *t(5,n,p)- 1 L i (£^-)- dearly {^} satisfy (2) 
of Proposition 2.7.1. Then we have an epimorphism Q(£, H,p) — > n,p). 
By the universality of £r(£, n,p), this map is isomorphism. 

Q.E.D. 

As an immediate consequence, we have: 
Lemma 2.8.1. For (£, U,p) G D(Qn), there is an epimorphism 

^(£,n,p):g(£,n,p)^Q(£,u,p). 

where Q(£,U,p) has already introduced in §1 for (£,U,p) of affine ABCD- 
type. 

In §3, we will show that ^(£,Ii,p) is isomorphism. 



3. The estimation of dimQ rS 

3.1. Proposition 3.1.1. (i) Let (£,U,p) G D(S N ) 
Then 



Put D 



N 



(S, 2p) 



2D N 






(AA), 


2D N 






(BB), 


2d 1 + 


AD N 




(CB), 


-2d l 


+ AD N 




(DB), 


2d 1 + 


4D N + 


2d N 


(CC), 


-2di 


+ AD N 


+ 2d N 


(DC), 


2Ji + 


AD N - 


2d N 


(CD), 


-2di 


+ AD N 


-2d N 


(DD). 



(ii) For exceptional type, we have: 

' 



(5, 2p) = 



Proof. Direct calculations. 



■12 



12 



D(2,l,;x) 

fP 

(1) 



(1) 



G 



Ef =1 * 



Q.E.D. 



Here we again remark, if there is a relation of weight (3 G P+ such that 
((3,(3) 7^ 2((3,p), then the relation can be obtained by relations of lower 
weights (see Proposition 1.2.1). Therefore have: 
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Lemma 3.1.1 If (£,U,p) G D(S N ) satisfies (5,8) ^ 2(5, p), then Q(£, IT, p) ^ 
G(S,U, P ). 

3.2. Proposition 3.2.1. Let (£,U,p) G D(Q N )[T]. Assume that x-th 
simple root a x G II and y-th simple root a y G II satisfy a x + a y G $+ fi.e. 
(a^ftj) 7^ Oj, c^ + a^ = cr(x)(aj) and thatH^ y) = (U\{a x ,a y }) U{a x + a y } 
is affine ABCD type. 

(i) Let nJ Xil/) 6e nt /n (x , y) . Then = (nt\{4, a t}) U(r(x)(at) Let 
W(x,jO denote a subgroup ofW generated by ({a(0), . . . , o~(n)} \ {cr(x), cr(y)}) 
U{a(x)a(y)a(x)}. Then W( x<y ) is W defined for (£,H^ y ),p). 

(ii) Let (£,H( Xj y),p) be a datum such that the set of simple roots is II^). 
Then there is a homomorphism i : G(£,H( Xjy ),p) — > Q(£,H,p) such that 



i(H aj ) 



H aj; -\- ay Oij Oi X -\~ Oiyj 

Olj ^ Ot X ~\~ Oiy ; 



(-iyp(«*)p(*y)(a x , a y )- l [E x , E y ] a 3 = a x + a y , 
Ej ctj ^ a x + a y , 

{ [F x ,F y \ aj = a x + a y , 
\ Fj aj ^ a x + a y . 



Proof, (i) We can check the fact for each affine type. 

(ii) Let {L ,...,L n } be the isomorphisms defined in Proposition 2.7.1. 
We consider an orbit Orbit(Q(£, n,p))( XjJ/ ) through Q(£,U,p) under the ac- 
tion of a subgroup generated by ({L , . . . , L n } \ {L x , L y }) U {L x L y L x }. Then 
Orbit(G(£,H,p))( X:y ) satisfies the conditions of {Q^ x \£, H( X:y ),p)} in Propo- 
sition 2.7.1 where {L\ x) } is ({L , . . .,L n } \ {L x ,L y }) U {L x L y L x }. By the 
universality of Q(£, II ( x y ),p), we get the homomorphism i : Q(£,U^ xy ),p) — > 

G(£.u.p). 

Q.E.D. 



3.3. Let_(£,U,p) G D(Q N )[T]. Here we shall show that Q(£,H 2 p) is isomor- 
phic to Q(£,U,p). By Proposition 2.8.1, we have to show dimQ(£, U,p) n5 = 
dimQ(£, U,p) nS . Here we only prove the fact in the case of (£,U,p) of Di- 
agram 1.11.6 with J2p( a i) = 1- Because we can prove the fact in another 
case by the similar way. In this case, Q = osp(£ ,e)^ (see 1.11). Then we 
have to show: 

dimg(£,U,p) nS <N (n^O). (3.3.1) 
We start with N = 3. In this case, its Dynkin diagram is: 
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Diagram 3.3.1 




The isomorphism cr(l) divert Diagram 3.3.1 into: 
Diagram 3.3.2 




Therefore it is sufficient to show (3.3.1) for (£,U,p) of Diagram 3.3.2. By 
Proposition 3.2.1, we have the homomorphism 

i : £(£,n (2;3) ,p) -> g(s,u,p). 

Here the Dynkin diagram of (£,U(2,3),p) is: 
Diagram 3.3.3 



«1 



This is equivalent to Diagram 1.6.2 as the Dynkin diagram of the Kac-Moody 
Lie superalgebra. By Lemma 3.1.1, G(£,H(2,3),p) = G(£,H(2,3),p)- Hence 



dim£(£:,n (2i 3),;p) n5 = 2 (n ^ 0). 



(3.3.2) 



We assume n > 0. For a root 7 ^ of £(£,n,p) (resp. £(£, H( 2) 3),p)), let 
i? 7 (resp. E^'^>) denote a non- zero element of Q(£, H,p) (resp. Q(£, Tl( 2 ,3),p) )• 
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By (3.3.2), {[E n f\ ,E^\ [E™ ai ,Eg% [E n f\ aM) , ££U are lin- 
early dependent. Transposing by i, we see that {[E n g_ ao , E ], [E n s- ai , Ei], 
(02+03)5 [E2, E3}}} are linearly dependent. Since [E n s-( a2 +a 3 ),[E2, E3]] 
= [[E nS _ {a2+a3) ,E 2 },E 3 ] -(-iy^P^[[E nS _ {a2+a3) ,E 3 ],E 2 ], {[E nS - ao ,Eo\, 
[E nS - ai , Ex] , [E nS -a 2 , E 2 ] , [E nS -a 3 , E 3 }} are linearly dependent. Hence dim£(£, II, 

3. Then we could show (3.3.1) for N = 3. 

Next we show (3.3.1) for N > 4 by induction. By Proposition 3.2.1, we 
can use the homomorphism 

% : Q(£,U {N _^ N _ 2) ,p) -> Q(£,Tl,p). 

Using a similar argument to that in the case of N — 3, we can show (3.3.1). 
Using a similar argument to that in the above case, we can get: 

Theorem 3.3.1. Let (£,U,p) e D(Qn). Then Q(£,U,p) is isomorphic 

to G(£,n,p). 

4. Relations of Affine ABCD-types 

4.1. Let (£,U,p) G D(Qn)- Using the definition of Q(£,U,p) given in 
Proposition 2.7.1, we can directly calculate defining relations of Q(£,U,p). 

Theorem 4.1.1. Let (£,U,p) e D{Q N ) (i.e., (£,U,p) is affine ABCD 
type). The Lie superalgebra Q(£,U,p) is defined by generators H e 7i, Ei, 
Ei (0 < i < n) with parities p(H) = 0, p(Ei) = p(Ei) = p{ai) and relations: 

(1) [H,H'] = 0, (H,H'eH) 

(2) [H, E^ = a t (H)E t , [H, F t ] = -a z (H)F t , 

(3) [Ei, Fj] = 5ijH ai , 

(4) Relations of E^s. 

(I) [E l ,E J } = 

if{a i ,a j ) = 0, (i ^ j), 

(II) [E^E^O 

i 
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(Hi) [E l ,[E i ,...,[E i ,E j }...]]=0 
(Ei appears 1 — 2(aij, Oj)/(a!j, ctj) times) 



(iv) [[[E i ,E j ],E k \,E j \ = Q 



if (on, on) ± and (-1) {P(Q ' } T^T } = \, 



if X- 



i 7 k 

-x J x 



k 

O 



M [[[[[[^, ^i,^],^],^], ^ = o 



x- 



z 

O 



(vii) {-ly^^ia^a^E^E^Ek} = {-iy { - a ^){a i ,a j )[[E i ,E k },E j 




■ J 




if 



. k 

(a = (aj, a,-), 6 = (aij, c = (a,-, a k ), 
abc 7^0,a + 6 + c = 0, 
p(ai)p(aj) +p(ai)p(Q!j) + p(a i )p(a j ) = 1), 
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(mi) [[[Ei, Ej], [E,,E k \\, \E„ E,]] = [[[£,, Ej], \E„ £,]], [Ej, E t ]] 



if Q 



(ix) 



[[[Ek, [Ei, [E k , E j} ]]], [E k , [E h [E k , [Ej, E t , ]]]]], Ej 
= 2[[E k , Ej], [[E k , [Ej, Ei]}, [E k , [E h [E k , [Ej, E, 



if Qc 



J 



(x) 



[Ej, [E k , [Ej, [E k , Ei]]]] = [E k , [Ej, [E k , [Ej, E { 



if k 



(5) Relations of Fi's defined as the same relations as (4). 
Proof. Direct calculations. 

5. Relations of D{2; I, x) W, F 4 {1) and 

5.1. Let (£ ,n ,po) = (£„ = ® 3 l=1 Cai,U = {a 1 ,a 2 ,a 3 },po) be 
whose Dynkin diagram is: 

Diagram 5.1.1. 
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Let (£,n,p) 



= (£o,n ,po) (see 1.5). Then its Dynkin diagram is: 
Diagram 5.1.2. 



3 



Using the same argument as the one for affine ABCD-type, we can calcu- 
late the defining relation of Q(S,U,p). In the argument, (£',11') = {£* = 
©f =0 CaJ, = {a\, (0 < i < 3)}) is defined by a Dynkin diagram: 

Diagram 5.1.3. 
12 3 

Then the Weyl-group-type isomorphism a(i) and Li (0 < i < 3) move as 
follows; 

Diagram 5.1.4. 
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-(x + 1) 




-(x + 1) 




-(x + 1) 



»Q 



i o 




2 J_, 3 

x+1 



■O 



oQ 



i O 




2 , . 3 



o 



Theorem 5.1.1. Let (S,U,p) be the data of which Dynkin diagrams in Dia- 
gram 5.1.4- Then Q(£,H,p) = Q(£,U,p) and its defining relations are ones 
defined by replacing (vii) of Theorem 4. 1.1 with: 



(vii) [[[Ei, Ej], [Ej, E k ]], [Ej, E t }} = x[[[Ei, Ej], [Ej, E t }}, [Ej, E k \\ 
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(x + ±1,0). 



5.2. The same argument can still apply to affine F-type. Let (£o,n ,po) 
= (£ = ®i = iCai,U = {«!, a 2 , a 3 , 0:4}, £>o) be the datum whose Dynkin 
diagram is: 

Diagram 5.2.1. 

12 3 4 

o — 0^0 — (g> 

Using the same argument as the one for affine ABCD-tjpe, we can calcu- 
late the defining relation of G(£,U,p). In the argument, (S\W) = (£t = 
©f = o, Ca\, W = {a\, (0 < i < 4)}) is defined by a Dynkin diagram: 

Diagram 5.2.2. 

12 3 4 

o — o — 0^0 — o 

Then the affine F 4 Weyl group type isomorphism a(i) and Lj (0 < % < 4) 
move as follows: (In the diagrams, i + j + • • • denote a\ + aj + • • •.) 

Diagram 5.2.3. 
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1 

o 



2 3 



0+1 2 3 

o — o^o 



1+2 3 

o — o^o 



0+1+2+3 



0+1+2+3 




o 



2 

■o 




1+2+3 



1+2+3 




0+1 2 

o — o 




2+3 



2+3 




1+2 

o — o= 




* 

2+3 



o 




3 0+1+2 

=0 



3 !+ 2 

— o 




2+3 0+1 

=0 



3 /\l+2+3 



o 




=0 





o 



1 2+3 






o 



1 

-o 




2+3, 





o 



1 2 

-o — o 



4 

o 



Theorem 5.2.1 Let (£,U,p) be the data of which Dynkin diagrams existing 
in Diagram 5.2.3. Then Q(S,U,p) = Q(S,U,p) and its relations are defined 
by adding the following relations to the ones of Theorem 4-1-1 with: 

(4) (xi) [[[[[[[[[&, E j },E k },E l },E k },E j },E k ],E l },E k },E j },E k }=0 



i j k I 

if o C^^E^O 



(xii) [[[[[E l ,E k ],E j ],E i ],E k ],E j ] = 2[[[[[E h E k ],E j ],E i ],E j ],E k \ 



i j k I 

if O^O 

(5) Relations of Fi's defined as the same relations as (4). 



5.3. An argument for affrne G-type shall be different from the one for an- 
other affine type. Let (£ ,n ,po) = (£o = ®t=iCcti,Tlo = {a±, a 2 , 0:3}, po) be 
the datum whose Dynkin diagram is: 
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Diagram 5.3.1. 



12 3 

8 0<=0 



Then the positive roots of Q(£q,I\.q,pq) are: 

$o,+ = {a«i + ba 2 + ca 3 | (a,b,c) = (1,0,0), (1,1,0), (1,1,1), (1,2,1), 
(1, 3, 1), (1, 3, 2), (1, 4, 2), (2, 4, 2), (0, 0, 1), (0, 1, 1), (0, 3, 2), (0, 2, 1), (0, 3, 1), 
(0,1,0)}. 

Let (£,U,p) = (£ , ricPo)^ (see 1.5). Then its Dynkin diagram is: 

Diagram 5.3.2. 

12 3 

Here the null root S of Q = Q{£, H,p) is given by 5 = «o + 2ai + 4a 2 + 2a 3 . 
For i — 0,2, 3, we define a(i) : £ — > £ by cr(i)(7) = 7 — (q 7 '"'] ^- For the set 
$ + of the positive roots of Q, we put 

$V = <t> + UULo(* + + a*), 

$V = { 7 G<l»Vl(7,7) = 2(p,7)}. 

Then as a more precise fact than (1.2.4), it follows: 

r+ = U ^<7 (5-3.1) 

Since |2(p, 5)| = 12, it is clear that sufficiently large element of doesn't 
belong to $+. By direct calculation, we can get: 

= {«!, 2«i, a , a 3 , a 2 , a + 3«i + 4a 2 + a 3 , oti + 2a 2 , «o + «i + «2 + a 3 , 
2a + 3«i + 5a 2 + 2a 3 , «o + 2«i + 4a 2 + 4a 3 , a 2 + 2a 3 , a + 2cti + 2a 2 + a 3 , 
Aa 2 + a 3 }. 

Let r + be the ideal of Af + generated by the relations (i), (ii), (iii) of Theorem 
4.1.1 and 

2[[[[[E , E ± ], E 2 ], E 3 ],E 1 },E 2 ] = 3[[[[[E , E 1 ],E 2 ], E 3 ], E 2 ],E 1 ] . (5.3.2) 

We also define the ideal rl of M~ in the same way. By the criterion of 
Lemma 2.2.2, we can see r\. C r±. We can also see that r tt = rl © r^ is an 
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ideal of Q. Let (/" = Q/rK Then we have a triangular decomposition C?" = 
M l+ ® H®Af^ where M l± = N ± /r i ±. Since the relations (iii) of Theorem 
4.1.1 and their Fj's version hold in the automorphisms L\ : — > C?" 
(i = 0, 2, 3) given by 

u 2 
L- = exp(ad-E'i) exp(ad(— - r-^i)) exp(adEj) 

are well-defined (see also [Kl]). Let C/" = 7i©(© aG p + uP_^|) be the root space 
decomposition. Then we have L\{QD = £/Ljv a )- By Proposition 2.2.2, we 
have already had the automorphism Lj : Q — > £/ such that Li(Q a ) = G a u)r a )- 
Clearly dimC/j*, = dimQ a if a e {cto, ^l; 2«i, 0:2, 0:3} Therefore, if (3 G P + is a 
minimal element under the order < (see 1.2) among dimC/g > dimC/^, then 

P G $ b + and a ) > 0, ((3, a 2 ) < 0, {(3, a 3 ) < (5.3.3) 

because a(i)((3) < (3 (i — 0,2,3). The unique element satisfying (5.3.3) is 
q;o+2ch+2q;2+Q ; 3- However, using the relation (5.3.2), we see dim£/ Qo+2ai+2Q , 2+Q3 
1. Hence dim^ 0+2ai+2a2+Q3 = dim £a +2ai+2a 2 +a 3 - Hence such f3 doesn't ex- 
ist. Hence C?" is isomorphic to 

By Proposition 2.2.1,we can get other Dynkin diagrams of Q. Those are: 

Diagram 5.3.3. 



o<=o 




=o — o o — c^s^m 

Theorem 5.3.1. Let (£,U,p) be the data of which Dynkin diagrams existing 
in Diagram 5.2.3. Then defining relations of Q{E, H,p) are defined by adding 
the following relations to the ones of Theorem 4. 1.1 with: 



(4) (xin) [[[E h Ej], [[E h Ej], [[E h Ej], E k ]]],Ej] = 



if ® (g^D 



(xix) [Ej, [E k , [E k , [Ej, Ei]]]] = [E k , [E„ [E k , [E v Ey 



i j k 

if c^^^m 
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(xx) 2[[[[[E h E k ], Ej], El E k ],Ej] = 3[[[[[E h E k ], Ej], E^Ej], E k ] 

l k j i 

if — o<=o 

1 

(xxi) 

[[[[[[[[[[[[[[E u 

l k j i 

(5) Relations of Fi's defined as the same relations as (4). 
6. Quantization of relations 

6.1. Let (£,U,p) be a datum. Let C[[h]\ denote the C-algebra of formal 
power series in h. In [Yl], we defined an /i-adic topological Hopf superal- 
gebra Uh{Q) = Uh{Q{S,U,p)) in an abstract manner. For the terminologies 
of topological algebras, Hopf superalgebras etc., see [Yl]. Let Ul(B + ) a be 
a non-topological C[[h}] -algebra defined with generators K x (A G ZH), E a 
(ql G II), cr and relations: 

a 2 = 1, oK x o = K x , oE a o = (-l^£ ai 

K = 1, K X K, = K x+ „ K x E a K x x = exp((A, a)h)E a . 

It is easy to see that U\ l (B + Y is a Hopf algebra with coproduct A, an- 
tipode S and counit e such that 

A(<r) = a <g> a, A(K X ) = K X ® K x , A(E a ) = E a ®\ + K a a^ <g> E a 
S(a) = a, S(K X ) = K x \ S(E a ) = -K~ l a^E a 
e(a) = 1, e{K x ) = 1, e(E a ) = 0. 

We note that Ul(B + ) a is not a Hopf superalgebra but a Hopf algebra. 
By [Yl], we have: 

Lemma 6.1.1. (i) 

E a(l) ■ ■■E a{r) K x <j c (a(j) G n, A G ZU, c G {0, 1}) 

form a C[[h]]-basis of U\ l {B + Y . In particular, as topological modules, 

Ul(B + y = N+ ® C[[h\\ [K x \ ® C[[h]](a). (6.1.1) 

Here N + , C[[h]] [K x ] and C[[h]](o~) denote the free algebra generated by E a 
(a 6 II), the Laurent polynomial algebra in K^ 1 (a G n) and the group ring 
of {1,0"} respectively. 
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(ii) There is a symmetric H op f pairing ( , ) : U b h (B + ) a x U b h (B + y -> C[[h\\ 
such that; 

(a) N + and C[[h}} [K x ] <S> C[[h]}(a) are orthogonal, 

(b) (E a ,Ef3) =5 afi (a, pen), 

(c) (K x a c ,K,a d ) =exp((\,fi)h)(-l) cd . 

Remark 6.1.1 In [Yl], we introduced an another topological Hopf alge- 
bra U'^ib+Y ' . Then U b h (B + y is given as the non-topological subalgebra of 

U'^(b + y generated by E a , = exp(±y/hH' a ) and a. 

Lemma 6.1.2. (See [Yl]) Let I + = {X e N + \ (X, Y) = (Y e N + )}. Then 
ker(,) = I + ® C[[h}} [K x ] <g> C[[h}](a) under (6.1.1). In particular, letting 
U b h (B + y = U b h (B + y/ker(,) and N + = N+/I+, it follows that U b h (B + y 
N+®C[[h]] [K x ]®C[[h]]{a). 

By [Yl] and Lemma 6.1.1, we have: 

Theorem 6.1.1. For the datum (£,H,p), there is an h-adic topological 
C[[h]]-Hopf superalgebraUhiG) = Uh(G(£,H,p)) with generators H x (A G £), 
E a , F a (a G n) with parities p(H x ) = 0, p(E a ) = p(F a ) = p(a) satisfying 
following (a) and (b): 

(a) In Uh(G), we have: 

[H x ,H^]=0, [H x ,E a ] = (\,a)E a , [H x ,F a ] = —(A, a)F a , 
[E a ,F,]=5 a ,,^fl. (6.1.3) 

Put K x = exp(hH x ). Then (Uh(G), A, S, e) is a Hopf superalgebra such that 

A(H X ) = H x <g> 1 + 1 <g> H x , A(E a ) = E a <g> 1 + K a <g> E a , 
A(F a ) = F a ®K~ 1 + l® F a , 

S(H X ) = -H x , S(E a ) = -K^E a , S(F a ) = -F a K a , 
e(H x )=e(E a )=e(F a )=0. (6.1.4) 

(b) Let C[[h]] [H] (resp. N + or N~ ) be the (non-topological) subalgebra of 
Uh(G) generated by H x (resp. E a or F a ). Then C[[h]] [H] is the polyno- 
mial ring in H x e Ti = £* ■ There are algebra isomorphisms N + /I + — > N + 
(E a — * E a ) and N + — » N~ (E a —> F a ). There is a topological module iso- 
morphism; U h (G) <- (N~ <g> C[[h\\ [H\ ® N + ) A (YQX «- Y ® Q <g> X). 
(Here ( ) A denotes completion.) In particular, Uh(G) is topologically free as 
an h-adic module. 

6.2. Let Uh(G) = ®-iezuUh{G) 1 be the weight space decomposition. (Here 
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U h (G), = {X e U h (G)\[H x ,X} = (A, 7 )X(A G £)}. Putting N+ = N+ n 
U h (Q\, we have N + = © 7eP+ iV+. 

Lemma 6.2.1. There is an anti-homomorphism t : N + — > iV + — > E a ) 

(a e n). 

Proof. Let S be the antipode of Ul(B + ) a . Define t by putting t(X) 

= p(«»M«0-)) . exp (-Ei< J -(a(i),aO'))'i)^7'S , W for * e JV 7 with 

7 = X)a(i) ( a (^) e n). By Lemma 6.1.2, we can easily check that t is the 
anti-homomorphism because S is so. 

Q.E.D. 

Let C((h)) be the quotient field of C[[h}}. Put C((/i)) [W] = (C[[/i]] [H]) A ®c[M] 
C((/i)). Let C((/i)) [X A ] be the Laurent polynomial C((/i))-algebra in fs^ 1 
(a G n). Then C((/i)) [K A ] = C[[/i]] [K A ] ®c[[h]] C{{h)) and there is an epi- 
morphism C((h)) [K\] ^ C{{h)) [H] (K x -> exp(/i# A )) (A G Zn). We define 
e : Uh(G) — > C((h)) [H] as the composition: 

U h (G) = (N- <g> C[[/i]] [W] <g> iV+) A £ ^? £ C[[/i]] [H] C((/i)) [W] . 

For 7 G ZLT and T G C((h)) [if a], denote the coefficient of if 7 of T by 
Q 7 (T) G C((/i)). denote the isomorphism N~ -> iV+ (F a -> £ a ) by j. Put 
g = exp(/i) and q a = exp(ah). Let (,) : N + x iV + -> C[[/i]] be the non- 
degenerate symmetric pairing induced from (, ) of Lemma 6.1.1 (ii). 

Lemma 6.2.2. Let 7 = J2aeu la a £ -F+ (fc £ ^ ^ 

y G N-. Then e(XY) G C((/i)) [K x ] and we have: 

QMXY)) = ^i^l e C(W)- (6-2.1) 

Proof. The first statement is clear. Describe 7 G P + as two sums 7 = 
Yh=i a (i) — Y^i=i a '(f) (ot(i),a f (i) G n). We compare two calculations of 

(E a (r)E a (r-l) ■ ■ ■ -Eq(I), E a i{X) ■ ■ ■ E a Hr^X)E a '{r)) and E a (j.) • • ■ -E a ( r _i)-E a ( r )F Q ,/( 1 ) • • • F a ^ r _ 1 )F a f(^ r y 

By A(E a (i)) = E ai i) <g> 1 + K a{i) a p( - a W (g) £ qW , we can calculate: 

{E a {r)E a ( r -l) ■ ■ ■ E a (l), E a i(i) ■ ■ •£' Q /( r _ 1 )£' a /( r )) 

= (-E'Q(r) ® E a ( r -i) ■ ■ ■ -E'q(i), A(£' a /(i) • • • -E a '( r _i)-E a '( r ))) 

= X! (^a(r) ® ^a(r-l) ' ' ' -^a(l), 

l<x<r 
a(r) = a/(x) 

= y: (-i)^)^ rf v (r), ^ rf(0) (vi) • • -^(D^a'd) w 

l<x<r 
a(r) = a/(x) 
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and 

E a (l) ■ ■ • ^a(r-l)K(r)^o'(l) ' ' ' ^a'(r) 

= (-l)^»«=i • • ■ £' a ( r _i)F a /( 1 ) • • • F a , {r) E a{r) 

l<a: <r 
a(r) = at'(a;) 

x 

L-w^EL+i"'^^ , ..p , m - y - ■ f k \K ( \ 

\H J - / a(l) -^a^r—l) 1 - a /(l) a / (r) j:v Q(r) 

_ ( a ( r )>E[=x+i Q 'W)R E < iiF /cii - ■ F k \K~},\ 

H ■ L 'a(l) ■ L 'a(i — l)- 1 a'(l) J *(r) n a(r)(' 

Since (-lj^WWEiJi"''')) = (-^("(OJ+KiXa^)) (-ij^EI+i "'(')) ( we can 
reach (6.2.1) inductively. 

Q.E.D. 

Proposition 6.2.1. If X e N + satisfies 

[X, F a ] = /or a// a € IT, (6.2.2) 

toen X = 0. 

Proof. Since [JV+,F a ] C N+_ a , we may assume X G X+ for some 7 G 
P+. By (6.2.2), we see that [X, P a (i)P a (2) • • •-^(r)] = for any {cn(i)} with 
Z)i =1 o;(i) = 7. Hence, by Lemma 6.2.2, it follow that (X,Xi) = for any 
Xi G X+. It is clear that the decomposition N + = © 7e p + X+ is orthogonal. 
Hence X G ker( , ) whence X = 0. 

Q.E.D. 

6.3. For X a G t4(£) Q , X^ G t4(£)/3, we put: 

[X a ,X p \ = X a Xp - {-l)« a *Wq-WXpX a . 

Let \ x \ = S inh(h) e C iM- % Proposition 6.2.1 and direct calculation, we 
have: 



Proposition 6.3.1. In N + , we have: 
(i)[E i ,E j }=0 

(11) [Ei, Ei] = 



if(oi, olj) = 0, (i ^ j) 
if <8> , 



(^j [E'i, [Ei, [E t , Ejj. . .]] = (E { appearl - 2 -g0-times) 
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if(oti, ati) ^ andp(ai) is even, 

^ Ej], E k ], Ej] = i/ i^Hg-^-i (x ^ 0), 

^ EJ], = i/ (g) — , 

(vi) [{{{{{E t , Ejj, E k ], E{],E k ], Ejl E k ] = if x 6 , 

(vii) (-l)pK>K)[( ai , a k )\m, Ej],E k ] = (-iy^^[(a i ,a j )mE i ,E k lE j j 



if j ■ k (abyto) and p(a i )p(aj) +p(aii)p(aij) + p(ai)p(aij) = 1, 

—a — b 

(vttt) {m, Ejj, IE,, E k ]], {E,, Ei]] = [x]im, Ej}, {Ej, Eij], \E 3 , E k \\ 

k 

if O^H8(_, (x^±l,0), 

(ix) \\E k , [E h {E k ,E 3 ,}]], [E k , [E u [E k , {Ej, E u ]]]]], Ej 
= [2}{[E k , Ej], \[E k , [Ej, Ei]], \E k , \E h [E k , {Ej, E, 




i j k I 

if O^O (g^3 , 

(x) [Ej, [E k , [Ej, [E k , E^]]] = [E k , [Ej, [E k , [Ej, E>]]]] 

k 




if 



fa) lllllllim, EjlE,], El E k ],E,],E k ], El E k ],Ej],E k ] = 



i j k I 

if O C^^E^O 



(xii) {{{{{E l ,E k ],E J ],Ei],E k ],E 3 ] = [2] [[[[[£7, E k ] , Ej] , Ej\ , Ej] , E k ] 



i j k l 

if o^O (S^D 



(xin) [{{Ei, Ej], {{Ei, Ej], {{Ei, Ej], E k ]]], Ej] = 
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(xix) [Ej, {E k , {E k , [Ej, EM] = [E h , {Ej, \E k , [Ej, E, t 



i j k 

if (g> 



i j k 

if C^3^9 



(xx) [2]lllllE h E k l EjlEilEklEjj = [3] [[[[[£,, E k ], Ej], E,], Ej], E k \ 

l k j i 

if o<=o 



(xxi) 

[[[[[[[[[[», E^ E k ] : El E k ], Ej], E k ] : El E k ], Ej], E k ] : Etl E k ], Ej], E k ] 


l k j i 

In 6.4, we shall describe how we calculate the relations (i)-(xix). 

6.4. Let S be a C[[h]] or C((/i))-superalgebra. For a e C[[h]] x , we put: 
[X, Y] a = XY- (-l)^ x)p{Y) aYX (X, Y eS). 

Then we have 

[[X,Y] a ,Z] b = [X, %Z] c ] abc -, + (-ly^^cHX^^-^Y}^, (6.4.1) 
and 

[X, [Y, Z] a ] b = [X, Y] c , Z] abc -, + (-iy( x ^c[Y, [X, Zlte-iU-i . (6.4.2) 
Hence, for U h {Q) and X v e U h (Q) u , X^ e U h {g)^ X, q e U h (G) v , we have: 

[[X V ,XA,X„] = [x v , ix„x v jj + {-\y^%-^\\x v ,x^x^-^ 

(6.4.3) 

and 

\x v , [x^xj = [[x„,x„],jg + (-iy^ q - M [x», [X„,Xj g( „). 

(6.4.4) 

We can get the relations (i)-(xix) of Proposition 6.3.1 by Proposition 
6.2.1 and direct calculation using (6.4.3-4). Here we only show how to get 
(ix) because the other relations can be also gotten similarly. We replace the 
letters i, j, k, I with 0, 1, 2, 3. We assume (a l5 cti) = —2. Then the diagram 
can be rewritten as: 
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2 1 1 2 _ 2 3 

O^O (g^3 ■ 

Put E... dcba = [...[E d , [E c , [E b , £„]]]...]. Then (ix) is rewritten as: 

-[[#2321,#2321 ],#l] + (? + ? _1 )[^2l[^321,^23210]] = (6.4.5) 

We denote the LHS of (6.4.5) by X. Showing (6.2.2) is equivalent to showing 
[X, F a K~ l \ = for all < a < 3 where we put K a = K aa . We note: 

[E a ,F fi Kj 1 ]=5 aJl ^£ r . (6.4.6) 

First we show {X, # 3 # 3 ~ 1 ] = 0. In following equations, LHS ~ RHS mean 
LHS = a- RHS for some a E C[[h]] x . By (6.4.3) and (6.4.6), [E 321 , F 3 K^] 

~ [ q _ q -i , ^2i]q(2+2) ~ E 21 . Hence 

[E 2321 ,F 3 K 3 - 1 ] 

~ [# 2 ,[# 3 2i, F3K3- 1 ]] by (6.4.3) 
~ [£2, #21] 

= by (ii) of Proposition 6.3.1. 

Hence we also have [£23210, #3#3] = 0. Hence we have [[[£2321, #23210], #1], #3#3 _1 ] = 
0. On the other hand, 

IIE 21 {E 321 , E 2321 ]], F3K3- 1 ] 

~ [#2i [#21, #232ioll by (6.4.3) and E 2 321 = 
= since E 21 — 0. 

Then we have [X, F 3 K 3 j = 0. 

Next we show \X, #2-^2] = 0. First we calculate: 

[£ 2321 ,#2# 2 - 1 ] = [[#2,#32l],#2# 2 " 1 ] = -rM^S^sd.d+D = #321, 
[#23210, #2 #2 l \ = #3210, 

[[#2321, #23210], #2 #2 X ] = [#2321, #321o] +<?~ 1 [#321, #2321o] ? (l-0) 

= -q~ 2 [E 23210 , #32i] ? (2+i) +g _1 [#32i,#232io] (? (i-o) (since E\ 21 = 0) 

= (g + 'T 1 ) [#321, #23210], 

[[#32i,#232iol,#2# 2 ' 1 ] = and [E 21 ,F 2 K^\ = E 1 . 



47 



Using these, we have: 
\X,F 2 K- l \ 

= -q[(q + q~ 1 )lE 32 i: E 23 2ioh E^-i-2) ~ (<1 + ? _1 )? _2 [^i, [E321, #23210] ] ? (2+i) 
= 

Similarly we can show = [X, FqKq 1 ] = 0. By Proposition 6.2.1, 

it follows that X = 0e N+. 

By similar calculation, we can get the relations (i)-(xix) of Proposition 
6.3.1. 

6.5. Let (A, A) be a cocommutative Hopf C-superalgebra. Let 

P{A) = {xe A\k{X) = X <g> 1 + 1 <g> X}. 

Then P(A) is a Lie C-superalgebra with a bracket [ , ] given by [X, Y] = 
XY -{-lY^^YX. 

Let Q be a Lie C-superalgebra and U(Q) its universal enveloping superal- 
gebra. Then U(Q) is a cocommutative Hopf C-superalgebra with coproduct 
A such that A(X) = X ® 1 + 1 ® X for X G U{Q). It is known that: 

Theorem 6.5.1(Milnor-Moor [MM]) Let CSH, be the category of cocom- 
mutative Hopf C-superalgebras. andSC the category of Lie C -superalgebras. 
Define morphisms V andUbyV : CSH ^ SC (A^ P{A) ),U : SC ^ CSH 
(Q -> U{Q) ). Then VIA = id CSH and UV = id sc . 

As an immediate consequence of Theorem 6.5.1, we have: 

Lemma 6.5.1 For a datum (£,U,p), let Q = £(£,11, p) and U (Q) a co- 
commutative Hopf C-superalgebra defined by U (Q) = Uh{Q)/hUh{Q)- Then 
there is an epimorphism 

<t>:U Q {Q)^U{Q) (H, E a , F a — > H, E a , F a ). 

Proof. Let Q = P(U (Q)). By theorem 6.5.1, we have U (Q) = U(Q ). 
Hence Q should be a Lie C-superalgebra generated by H, E a , F a . By The- 
orem 6.1.1 (a), H, E a , F a satisfy (1.2.1-3). Since Uh{Q) has the triangular 
decomposition by Theorem 6.1.1 (b), Uq(Q) also has a triangular decom- 
position. In particular, H can be embedded into Go(c Uq{Q)). By defini- 
tion of the Kac- Moody Lie superalgebra Q (see [Kl]), we have epimorphism 
<j)\g Q :Qo^Q (H, E a , F a -> H, E a , F a ). Hence we have 0. 
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Q.E.D. 

6.6. Theorem 6.6.1 Let (£,U,p) be a datum of affine type. Assume 
G(E,U,p) = G(£,U,p),i.e., G(E,U,p) is not of sl(m\m)® (i = 1,2,4). Put 
G = G(E,H,p). Then the defining relations of Uh(G) (ire given by 

(i) The relations of Theorem 6.1.1 (a), 

(ii) The relations of Proposition 6.3.1 (i)-(xix), 
(Hi) The same relations of F a 's as (ii). 

Proof. By Theorem 6.1.1, Proposition 6.3.1, Uh{G) satisfies the relations 
(i)-(iii). Therefore, by Serre type theorems of Chapters 4 and 5, we have 
an epimorphism ip : U(Q) — > U (G) (H, E a , F a — > H, E a , F a ). By Lemma 
6.5.1, ifj should be the inverse map of <fi. Then Uq(G) = U(Q). The relations 
given by putting h = on (i)-(iii) are the defining relations of U(Q). Hence, 
by the topologically freedom of Uh(G), the relations (i)-(iii) should be the 
defining relations of U h (Q). 

Q.E.D. 

6.7 Lemma 6.7.1. Let Uh(G) be the topologically free Hopf C[[h]]-superalgebra 
with generators {H, E a , F a } (a Ell) such that 

(1) {H, E a , F a } satisfy (6.1.3-4). 

(2) The map H -> U h (G) (H -> H) is injective. 

Then there is a Hopf superalgebra epimorphism 

j : U h {G) - U h (G) (H, E a , F a ^ H, E a , F a ). 

Proof. By (2), the topological freedom of Uh{G) and Theorem 6.5.1, 
C[[h\\ [H] is embedded into U h (G). Let U h (M + ), U h (Af~) be non-topological 
subalgebras generated by E a , F a respectively. Put U (G) = U h (G) / hU h (G) 
and UoiAf^) = UhiAf^/hUhiAf*). By Minor-Moor's Theorem 6.5.1, U 9 (G) 
(resp. Uoi^M^) is the universal enveloping algebra U(G) (resp. [/(M^) 
of a Lie C-superalgebra Q = V(U (G)). (resp. N± = P(f/ (7v r± )) By 
(2), H is embedded into Q. Hence we have the triangular decompositions 
G = M- ®H®M + and U(G) = U{N~) ® U(H) © U(jif + ). By the topo- 
logical freedom of Uh(G), we have the triangular decomposition Uh(G) = 
U h {N-)®C[[h]][H]®U h {M + ). 

Let /+ = ker(iV + -> M + ). For 7 e P+, put iV+ (resp. /+) = {X e 
N + (resp /) \[H X ,X] = (A, 7 )X}. Then we have N + = © 7eP+ iV+ and /+ = 
© 7G p + /^. Keep notations in 6.2. Since / + is an ideal of N + , by the triangular 
decomposition of Uh(G), 

e([/+, F a{l) ■ ■ ■ F a{r) \) = for ^ = 7 e n). 
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Hence, by a Uh{Q) -version of Lemma 6.2.2, since N + = © 7g p + iV+ is orthog- 
onal with respect to ( , ), we have J+ C I + = ker( , ). Then we have the 
algebra epimorphism Uh(J\f + ) — > N + . {E a — > E a ). 

Next we should show the existence of the epimorphism N~ — > iV _ . How- 
ever a Hopf superalgebra (Uh(Q), sroA, s) with generators {— H\, F a , {—l) p ^E a } 
also satisfies (1) and (2). (Here sr(X ®Y) = (-lf^^'y <g> X). Then the 
same argument can be applied for the subalgebra generated by F a . Hence 
we can show the existence. 

Eventually we get a C[[/i]]-module surjective map: 

j : U h (Q) = (J\T ® C[[h\\ [H] <g> N + ) A U h (G) = (JV~ <g> C[[h\\ [H] ® N + )\ 

Considering under the two triangular decompositions, it is clear that J pre- 
serve product. Hence J is the algebra epimorphism. Clearly J is the Hopf 
superalgebra epimorphism. 

Q.E.D. 

7. Quantization of Weyl-group-type isomorphisms 

7.1 Let (C,A,S,e) be a topological Hopf C[[/i]]-algebra. Define r : C®C — > 
C®C by r(x ® y) = y ® x. Let A' = r o A. Let C be a Hopf subalgebra of 
C. Let i? = X) a,i ® 6i be an invertible element of C ® C satisfying: 

RA(x)R~ x = A'(x), (7.1.1) 
(A®I)(R) = R 13 R 2 3, (I® A) (R) = R 13 R 12 . (7.1.2) 

where i?i 2 = R® I, R23 = I ® R and i?i 3 = Y]ai® I ®bi. 
By Drinfeld[D2], we have known: 

Proposition 7.1.1.(Drinfeld[D2]) (%) _R satisfies: 

R12R13R23 — R23R13R13, (7.1.3) 
(S®I)(R) = R" 1 = (I®S- 1 )(R), (7.1.4) 
{e®I)(R) = l = {I®e){R). (7.1.5) 

(ii) For R = Y^di ® bi, following equations hold in C: 

Ea t S~ 2 (h) = ES(a t )S~ 1 (b z ) = ES 2 (a z )h, (7.1.6) 
J2a l S(b i ) = J2S- 1 (a l )b i . (7.1.7) 

Let u±, i>4 G C be the elements of (7.1.6), (7.1.7) respectively. Then U4V4 = 
1 = V4U4. 

7.2. Proposition 7.2.1. Keep notations in 7.1. For the Hopf algebra C 
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and the element R = a i ® h satisfying (7.1.1-2), there is an another Hopf 
algebra structure (C^) = (C, A^, S^ R \ e) given by: 

&S R \x) = RA(x)R-\ S {R \x) = ul l S{x)u 4 . 

Proof. First we show (7 <g> A (i?) ) o A (i?) = (A^ <g> 7) o A< fl >. By (7.1.1-2), 
We have: 

(/®A (fl) )oA (R) W 

= 7? 23 (7 ® A)(RA(x)R- 1 )R- 3 1 

= R 23 R 13 R 12 (I ® A)(A(x))^ 2 1 J Rr 3 1 ^2;3 1 

= R12R13R23 (a ® /)(A(x)) J R 2 3 l J Rr3 1 ^r2 1 

= (A( fi »®I)oA( fi '(4 

Let m : C <8> C — > C be the multiplication, which is defined by m[x ® y) = xy. 
Next we show mo {I® S {R) ) o A™ = e = m o (S {R) <g> I) o A^. By (7.1.4) 
and (7.1.6-7), for x G C with A(x) = ® z?\ we have: 

{I ® S^) o &S R \x) 

= m((l <g> % x )(7 ® S , )(a i xf ) S , (o,) ® 6i^ 2) 6,)(l ® « 4 )) 
= ^a i x^ 1) <S'(aj) • a y S(bi)S(bi)S(xf^)S(bi)u4 
= a lX f S(xf)S(bi)u A since (5 <g) J)(i2)i2 = 1 
= e(x) aiS(bi)u4 = e(x)v^u 4 = e(x) 

and 

(S (Ji) ®/)oA (fl) (x) 

= J] ® l)^ <g> 7)(a^ 1) S(a,) ® hxfh)^ ® 1)) 

= E^ 1 - 52 (°0^(4 1 V(«i)^(« 2 /)^" 1 (^) • 6i4 2)ft ' 

= 5^U4 1 S ,2 (a,)5 , (a;{ 1) )x5 2) 6, since (7 ® S- l )(R)R = 1 
= e(rr)«4 1 S 2 (ai)bi = e(x)u^ 1 U4 = e(x). 

To show other formulae of the axiom of the Hopf algebra are easy. 

Q.E.D. 

7.3. Let (S,U,p) be a datum and Q = Q(£,U,p). Let Uh{Q) be a topolog- 
ical Hopf C[[/i]]-superalgebra introduced in 6.1. Put Uh{Q) a = Uh(G) ®c[[fc]] 
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C[[h]](a). Then U h {GY is an algebra with a formula aXa = {-If^X 
{X G U h {Q)). By [Yl], (U h (g) a , A,S,e) is a Hopf algebra such that 

A(ff ) = H <g> 1 + 1 <g> ff, A(E a ) = E a (g)l + K a a p ^ <g> £ Q , 
A(F a ) = F a ® X" 1 + a? M ® F Q , 

S(ff) = -if, S(£ Q ) = -tf-V*")^, 5(F a ) = -<7* a >F a tf a 
£ (ff ) = e(E a ) = e(F a ) = 0. 

Put U h {H) a = C[[h]}[H] <g> C[[/i]](<r). Then t^W)* is a Hopf subalgebra of 
Uh(G)° ■ Put t = J^Hsi <S> H$. G H <S> Ti. where {5i} is a C-basis of 7i such 
that = Sij. Then, by the quantum double construction (see [D] (also 

[Yl])), 

Rt = \{Y. (-1) c V ® ° d ) ■ exp(-Mo) e t4 (ny ® ^(W)" 

c,cZ=0,l 

satisfies (7.1.1-2). Clearly i?^. 1 also satisfies (7.1.1-2). 

For t G C[[h}} and n > 0, we put {n} t = ff± {n} t ! = {n} t {n-l} t • • • {l} t 
and 

n ) f x t t , ifn<m<0, 
mj t \ otherwise. 

oo ^ri 

For -u G hU h (Q) a , put e(u,t) = ^ r \ r ^ ^ s eas y to snow that 

e(-u,r 1 ) =e(u,*) _1 , (7.3.1) 
e(u, t)Xe(u, t) -1 = yj^L |^jaci i n-i(-u)a(i t n-2(-u) • • -a(ii(-u)(X) (7.3.2) 

where ad^i^X) = [u, X]_ jX = uX — xXm. 

For a G II, let U^Q^Y be a topological subalgebra of Ui l (Q) a generated 
by Uh(HY and E a ,F a . By the quantum double construction, we see that 

Ra = e(-(q - q^)E a ® F a a p ^ , (-l) p(Q V a,a) ) • G f4(£ (o) r ® f4(£ (a) ) CT 

satisfies (7.1.1-2). Let (£4(£) CT ) (a) = (U h (g) a , A^ a \ ,e) be an another 
Hopf algebra defined as ((t4(£) <T ) (Ra) ) CR ^ ) . Put 

A, = e(-(q - q~ l )a p ^K- l E a <g> F a K a , (-l)* a ty a '«)). 

Then we get _R Q = R^ l R a . Hence 

A< a >(X) = R^X)^ 1 (X G f4(£) CT ). 

Proposition 7.3.1. For a, [3 G n. Put E% +8a = [...[[f^, E a ], E a \ . . . E a \, 
Fp+sa = F a ], F a j... F a ] (E a , F a appears s-times). 

(i) A^\E a K-J) = E a K~ x ®K a + a p W ® E a K~\ 
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A^(K a F a ) = K a F a <g> 1 + a^K- 1 K a F a . 



(ii) Assume (a, a) ^ 0. For (5 e II, assume r = r( Qj p) = — 2 ^a) e ^+ 
and p(a) ■ r is even. Then 



A (a) (^+ ra ) = E^ +ra ® 1 + K p+ra a^+™) E 



V 

/3+ra' 



(Hi) Assume (a, a) = and (a, /3) 7^ 0. T/ien 



(iv) A( Q )(iJ) = if ® 1 + 1 ® if, A( a )((j) = a ® a. 

Proof. Here we calculate A^(E^ +ra ) of (ii). Put t a = (-l)P^)q^ a ) and 
t aS = (-i)K«)#) g M. By direct calculation, we have: 



A(£ ; v 



u 

E 

s=0 



771V 



1 



Hence, for r of (ii), 

A(^ V +ra ) = 



+ e O n a - ^)^r s ^ +S a^ (/3+sa) ® e, 



s=0 



13+sa- 



k=l 



Put X = -aP^K' 1 ® F Q fsT Q . Then 



p(f3+(r-s)a) ^ Z?V 1 

^ - C/ /3+(r-s)Qj-,t-= 



W y--s (*a 3 -l)(4 +1 -l) ps+lLT a , ,f)(/3+(r-s-l)a) a PV 

if r > s, 
if r = s. 



Hence 



ad, 



-(s-l) 



(X)arf ( S - 2 )(X) • • • adi(X)(ify +ra <7* (/J+ra) ® £ 



v 1 

P+ra) 



= (i^r)'£*^(*« " l) S {l} tQ ^^ + (,-,)a^ (/3+(r - s)Q) 

if r > s, 
if r < s. 

Hence, by (7.3.1-2), 

s=0 I' ^J*"- 



/8+(r-s)a 
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On the other hand, we can easily show i? a 1 (£'^ +rQ ®l)R a = Ep +ra <g> 1. Then 
we get: 

K\E} +ra ® 1 + Kp+rao*^ ® E} +ra )R a = A(E; +ra ) . 



We can show other formulae similarly or easily. 



By [Yl], we see: 



Q.E.D. 



Lemma 7.3.1. For a G II, Uh{Q) has an another Hopf superalgebra struc- 
ture Uh{Q)^ = (Uh(G)i with coproduct A^ satisfies formulae given by 
eliminating a p ^ in the formulae of A^ of Proposition 7.3.1 (i)-(iv). 



7.4. Lemma 7.4.1. Keep notation in 7.3. Let a G II. 

(i) Assume (a, a) ^ 0. Assume r = r a $ G Z + and p(a)r G 2Z for 



any (3 G II \ {a}. Define a a : H ^ H by a a (H x ) = H x _i 
xp,yp G C[[/i]] x ((3 G II) be such that 



A— , ' a 



Let 



Xfsyp 



= < 



f (-1)^) ((3 = a), 

(-l)^^-^^ 1 )^)(^)^(K,} ta - 1 !) 2 (/3 ^ a, (a,/?) + 0), 
1 (/3^a, (a,/3) = 0). 



-^<r Q (A), E' a 



Put H' x 

F' p = y ^F^ +rapa (/3 eU \ {a}). 
Then H' x , E' p , F' p satisfy (6.1.3). 

(ii) Assume (a, a) = 0. For (3 G II \ {a}, put 



x^FaKa, F' a — y^K^Ea, E'p — Xp 1 E y p +r . afja , 



1 (a,(3)^0 
(a,(3) = 



Let W = {a' = -a, 0' = a + ((3 G II, (a, (3) ^ 0), 7' = 7(7 G II \ 
{a}, (7, a) = 0)}. Lei a a : (£,II,p) -> (£,II',p) by a a (H) = H. (In 
particular, 



o~ a (Hi3) = 

Let xp,y/3 G C[[/i]] x ((3 G II) be such that 



H-a' (P = oi), 

((3^ a, (a, (3)^0).) 



= < 



1 ((3 = a), 

1 g(<*,0) - q -(<*,0) 



1-1 



(f3^a, (a, (3)^0), 
((3^ a, (a,/3) = 0). 
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Put E' a = x- l F a K a , F' a = y- l K^E a , E' p = xfE^^, F' p = y^F^ +r ^ a 

(/Jen\H). 

Then H, E'^, F'p satisfy (6.1.3) for (S,W,p). 
Proof. Here we show how to calculate 

i F v F v smh(hH 0+rafia ) 



sinh(/i) 



Put {k;(3} a = q ^-f^^^l and {k;(3} a \ = ]J{v, (3} a . First we 
show: 

[Ea,F% +ka ] = -t~^ k -^{k-,P} a F^ Hk _ 1)a K a , 
[E% +ka ,F a ] = {-l)^-^){k-(3} a K^E^ {k _ l)a . 

Then, by induction on k, we can show: 

= (-l) fc ( 1 +^))g- Ii ^ i ^°)g(- fc + 1 )("^{A;; P} a \E a K p+{k _ 1)a , 



[-^8+(fc-l)a> F(3+ka\ 

= ( _ 1) (fe-l)(l+p(a) + p(aM/3)) ? -M^i) (Q , Q)? _ fe(Q ^) {A .. p} a \ K £ ik _ 1)a F a 

and 



sinh(/i) 

Substituting r Q /3 for k, we get (7.3.1). 

We can show other formulae similarly or easily. 

Q.E.D. 



7.5. Proposition 7.5.1. Keep notations in 7.4- 

(i) Let IT 7 " = IT if (a, a) ^ and let IT 7 * = IT if (a, a) = 0. Put U h (G aa ) = 
Uh(G(£,n aa ,p))- Then there is an isomorphism L a : Uh(G) — > Uh(G Ua ) such 
that 

L a (H) = a a (H), L a (Ep) = E' p , L a (F p ) = F' p . (7.5.1) 

(ii) 

A(L a (X))=R- 1 (L a ®L a A(X))R a (X eU h (G) a )- (7.5.2) 

Proof, (i) By Lemma 6.7.1, Lemma 7.3.1 and Lemma 7.4.1, there is an 
epimorphism L' a : U h (G) -> U h (G aa ) satisfying (7.5.1). Let L a : U h {Q) -> 
Uh(G aa ) denote L' a defined by changing Uh(G) and Uh{G aa )- {Keep notations 



55 



in the proof of Lemma 6.5.1.) Since L' a L a ^ n = id^ and (resp. L a L' a ^ n = idn), 
L' a L a (resp. L a L' a ) induce an automorphism of Q (resp. Qq") as well as an 
automorphism of Uq(Qo) (resp. Uo(QQ a )). Hence L a induce an isomorphism 
U (Go) -»• U (Go a )- Hence by topological freedom of U h (Q) and U h (Q aa ), L a 
is an isomorphism. 

(ii) (7.5.2) is clear from the formulae in Proposition 7.3.1 (i)-(iii). 

Q.E.D. 

By direct calculation, we have: 

Lemma 7.5.1. L^ 1 : U h (Q) — > U h (Q aa ) satisfies (Here we let the region of 
definition (resp. values) of L~ l be (£,U,p) (resp. (£, U aa ,p))). For a, (3 G 
n. Put E p+sa = [E a ... [E a , [E a , E p \\..\, Fp +sa = [F a ... [F a , [F a , Fp]]...], 
(E a , F a appears s-times). 

Put H'l = H aa(x) , K = ^K'Fa, K = y- a l E a K a , E"p = Xp l E p+rapa , 
F'p' = yp 1 F p+ra f}a (P G n \ {a}). Here we define Xp,yp G C[[h]] x by: 

Z^vm = (-i)^^(-i)W a ) + ^>^)^{ rQ ^ ;/ 3}j^ 

X^XpXp = (-iy a , 8 (-l)P^P(l3)r a ,, q r a A^)^ ra p .pyj ^ ^ ^ (q , ^ ^ 0), 

= = 1 (P^a, (a, (3) = 0). 
(TJere xp,yp G C'[[^]] x /i<we 6een defined in Lemma 7.4-1 for L a : Uh{G aa ) — > 

7.6. As an immediate consequence of Proposition 7.5.1, we have: 

Proposition 7.6.1. (See a/so [KT].) Let (£,U,p)'s be the data of affine 
type. For the isomorphisms Li defined for Q(£,U,p) 's in $2, there are iso- 
morphisms Ti's of Uh(G(£,H,p))'s such that Tj — > Li : Uo(G(£, n,p)) — > 
C/o(^(^ CTW ,n <7 W,p <T W)) (h^O). 

8. On C/h(sZ(m|m))W (i = 1,2, 4). 

In this chapter, we use Beck's method [B]. 

8.1. In 8.1, let (£,U,p) be of Diagram 1.6.2 and assume iV > 4. Let W be 
the Weyl group defined in 2.6 associated to (£\W). Let Wq be a subgroup 
of W generated by {a(i), (1 < % < n)}. Let G ©? =1 CaJ (1 < j < ra) be 

such that ^44? = <fo (1 < » < n). Put P v = @Zu) '. Define W = W k P v 

((a!,a!)) J 

by (s,x)(s',x') = (ss 1 , s /_1 (:r) + #'). We know that there is a certain sub- 
group T of Dynkin diagram automorphism of (£' , II T ) such that H 7 = Tj< 
(r(j(i)r- 1 = <r(r(i)) (r G T)). If W is of type A^, then T Z/iVZ. For 
the datum (£ = (®f =1 Cei) ®C5® CA , n = and r G T, define the 

datum (£ r = {®f =1 Cel) ®C5® C\ , U T = K},p r ) by 
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(i) The Dynkin diagram of (£ T , IF, p T ) is the same type as the one of (£, n, p). 

(ii) p T {ai) = p(a T -i(i)). 

(iii) (el,Ej) = (e r -i(j), £ T -i(j)) (Here we consider r _1 (i) under modiV). 
For w G If and an reduced expression w = r<j(ii) • • • <r(i r ), put IF J ,]9 W ) 

= ( (( (£ a{ir) ) ■ ■ -) CT(il) ) T , (( (if^)) • • .ywy, (( (p^)) • . clearly n 

doesn't depend on reduced expressions. 

Let Uh(G)' be the subalgebra of Uh(G) generated by {H ai , E iy Fj (0 < 
% < n)}. By Proposition 7.5.1, Lemma 7.5.1 and direct calculation, we have: 

Lemma 8.1.1. Assume that (£, II, p) is type A^_ x . Keep notations in 2.3-5. 
Leti G {0,1, ...,7V- 1}(= Z/NZ). Put K { = K a .. 

(i) There are isomorphisms T; : U h (G(£, n,p))' U h (G(£ a{i) , U. a ^,p a ^))' 
such that (We put p' = p a ^ .) 

TiEi = —d' i+ ^FiKi, TiFi = —d^K^Ei, _ 

TiEi-i = qSj&Ei-uEi], T t E l+1 = ^(-l^^^^^+iE^i,^], 
TiFi-i = -(-I/^Op'K-i)^!,^], TiF i+ i = — [F i+ i, Fj. 

Z^F; = -d'^K^Fi, T~ l Fi —^-d^EiKi, 

T-'E^ = q-^-iy'^'^dm^i-!], T^ El+1 = q-<^d' l+l [E u E l+1 l 
T-'F^ = — [Fj, Fj-i], Tr!F m = -(-l)^^^)^,^]. 

For r G T, i/iere an isomorphism T T : U h (G(£, U,p))' -> U h {G{£ T , H T ,p T ))' 
such that T T (H ai ) = H aT(i) , T r (F) = F r(l); T r (F) = F T(i) . 

fnj Tj 's satisfy Braid relation: 

TiTj = TjTi ((a,, aj ) = 0), T^T, = TjT{Tj (\(a h aj) \ = 1). 
a/so /io/d £/ia£ T r T{T~ l = T T ^y 

(iii) By (ii), putting T w = T T T ix ■ ■ -T ir for w <E W whose reduced expres- 
sion is w = T<r(ii) ■ ■ -cr(i r ), T w is well-defined. Moreover we have: 

T w (Ei) = Ej, T w (Fi) = Fj if w{ai) = a r 

There is an C -anti- automorphism Q such that 

n(Ei) = d i+1 F h n(Ei) = d l+1 F t , n(H) = h, n(h) = -h. 

Moreover QT W = T W Q (w G W). 
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8.2. Put T u . = T w v. For 1 < i < n, k > and s G Z, let 

= KPq-^iT^X+^Kr'm • (8.1.1) 

Put g ijifc = g^^!^ and c-.. = q ( ai , aj)K -^ By [B]) we have: 

Lemma 8.2.1. (i) Kf$£ G N+ ifs<0 andk + s>0. 

(ii) Assume p(ccj) = 0. Let r > and m E Z . Then = ^ "* (s, s' G Z) 

and 

l4 S r\ = -K!Q lhl {((q - q- 1 ) £ ^- fe T^(F,)^t fe ) + C^ - T ( ^ +r (F i )|, 

fc=i 

fel s) , woi = - q- 1 ) E ^rxr fc ( wit*) + crxr^)}- 

fc=l 

Assume 1 < i ^ j < n. Let r > and m £ Z . Then: 

= -if7'Q y ,i{((? - g^ 1 ) eV^-)*- 1 ^*^-)^-*) + (-^rX7 r (^)}- 

fc=l 

Let o(i) G {±1} satisfy that o(i) ^ o(j) if (a*, a,) ^ (i ^ j). Put 

T™£, = o(i) m T™Ei and f = o{i) m T™Fi. Define ^ by replacing of 
(8.1.1) with T Ui . By Lemma 8.2.1, we have: 

Lemma 8.2.2. Assume j ^ i or p(a,j) = 0. Then: 

[^^(Fj)} 

= -4fe{(0? - E ^ fc t" t+fe (^')C- fc ) + ^XT^)}, 

fc=i 

[^t™(^)l 

k=i 

Define G U h (Q) (k > 0) by the following generating function in z. 

OO OO ^( g \ 

exp((g - g" 1 ) £ M?**) = ! + (?- E **■ 
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Remark. For (a^ctj) = 0, we have not shown [ip ik ,ip ir ] = yet. Hence an 
uncertainly of the definition of has still remined. It depends on an order 

<l(s) 
Of {^ik }■ 

By Lemma 8.2.2, we have: 

Lemma 8.2.3. Assume j ^ i or (atj, a,) 7^ 0. Then: 
8.3. Lemma 8.3.1. Let 1 < % < n and r E Z . Then: 

Proof. For (otj, a,) 7^ 0, we have already known these by [B]. For (a,, a,) = 0, 
by Lemma 8.2.3 and T™(Fj) 2 = T™(Ei) 2 = 0, 

[T- +r (F i ),T-(F,)] = [T^(^),T™(£,)] = 0, (8.3.1) 

which are nothing else but the formulae we want. 

Q.E.D. 

Lemma 8.3.2. Let (ctj, otj) = and r > 0. T/ien = ^ ^ and 

iht\T™m = [hg^Ei)] = 0. (8.3.2) 

Proof. By (8.3.1), we have: 

[E t ,4^} = [^\F t }=0. (8.3.3) 

We use an induction on r. Let 1 < j < n be such that (a,, a,) 7^ 0. First we 
assume r — 1. Then /i^ = o{i)^\i . 

= Kg ^ \T~^(Ei) , K~ 1 F i ] 

= o(i)KPQ-^K! [[hf^ElK- 1 ^] (by Lemma 8.2.3) 
= oftQj&Kr 1 ■ o(^)Q,,, 1 [K^T Wi (F l ), Et] 

= 4 0) - 
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Hence, by (8.3.3), we get our formulae for r = I. 

We assume that we have shown the lemma for 1, 2,..., r — 1. Firstly we 
show [hfi , hfj_ x ] = 0. By Lemma 8.2.3, we have: 

[[hfhh^lf^Fu)] = [[hflhfl^f^E,)] = 

for 1 < k < n and m G Z. By Lemma 8.2.1 (i), K%[hfl, hfj^} G N+. 

We know the fact that f™(F k ), f™(E k ) and H generate U h (G). Hence, by 
Proposition 6.2.1, we get 

[J#US?-i]=0 (8.3.4) 
as well as [hfi , = 0- Hence: 

= kp[t-^e^t:-\k^ Fi )] 

= o(i)KPQj^K} T:;\K^F t )] (by Lemma 8.2.3) 

= ^ 

Hence, by (8.3.3), we get our formulae. 

Q.E.D. 

(s) - 

We put hi r = and ip ik ip ik ( r > 0, 1 < % < n) which is well defined 
by Lemma 8.3.2. Similarly to show (8.3.4), we have: 

Lemma 8.3.3. [h ir: h ir >] = 0. 



By Lemma 8.2.3 and Lemma 8.3.2, we have: 



Lemma 8.3.4. 

[h tk ,f™(F 3 )} = -\Q thk Klf™;\F 3 ), 
[h lk ,f™(E 3 )] = \Q^ k K-H™-\E 3 ). 



k 

We know that K£hi k G iV + . By Lemma 8.3.4 and Proposition 6.2.1, since 
f™(Ej), f™{F 3 ) and H generate U h (Q), we have: 

TV 

Lemma 8.3.5. Keep notations in 1.6. If^^di — 0, then 

i=i 

n i k 

E[EH-]^* = o (*>i)- ( 8 - 3 - 5 ) 

i=l j=l 
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inU + C U h (g)(£,U,p) of(S,U,p) of Diagram 1.6.2 (N > 4). 
After all we have: 

Theorem 8.3.6. Let (£,II,p) be the datum of Diagram 1.6.2 (N > 4) 
with J2di = 0. Then the defining relations of Uh(G(£,H,p)) are defined by 
adding (8.3.5) to the ones of Theorem 6.6.1. 



8.4. For 1 < i < N - 1 and r > 0, put 

Ar = 



(q - q- 1 )^ (r > 0), 
Ki (r = 0). 



and (p^ = Q(ip ir ). Put h it _ r = h ir (r > 0). For 1 < % < N — 1 and k £ Z, 
put x~ k = T£.(Fi) and xf k = f~_ k (Ei). Similar to [B], we have: 

Theorem 8.4.1. Let (£,U,p) be the datum of Diagram 1.6.2 (N > 3). 

Then Uh(G(£, n,p)) is defined with the generators {H £ H, xfj, hik} and the 
relations: 

[H,x%] = (±a j + k5)(H)xf k: 
[hik,hji] = b~k,-i\Qij,k- 



_ (-l)P(«i)P(«i)g±(«i.« J O a: ± a: ± +1 = (-l)P( a iM*j) q H<*i,c*j) x ± x ± +1 _ x ±_ 
[ x tki x jl\ = f>ij- 



k-l l-k 
„+ ™~1 _ X K s^~ ^ik+l- K s^~ <t>ik+l 



[x ik ,x u }=0 if(a i ,a i ) = 0, 

(In the following equations, Sym k k ks means symmetrization with respect 
to {h, k 2 ,..., k s }.) 

Sym klM [xf ki , [xf^xfA] = if (a t , a t ) ^ and (a h aj) + 0, 



l ] u 

Sym klM [llx%,xf k J,x± m ],xf ka ] = if x <gi x 

(Each of the following equations means an equation as a generate function 
in an indeterminate z.) 

J2k>o^PikZ k = Kiey^((q- q' 1 )Y,r>ihirZ r ), 
Efe>o <PikZ k = K~ l exp((g~ 1 - q) J2 r >i K- r z r ). 
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